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Algebra naturally follows Anthmetio in a course of sden- 
tiiic studies. The language of figures, and the elementary 
combinations of numbers, are acquired at an early age. 
When the pupil passes to a new system, conducted by 
letters and signs, the change seems abrupt; and he often 
experiences much difficulty before perceiving that Algebra 
is but Arithmetic written in a different language. 

It is the design of this work to supply a connecting link 
between Arithmetic and Algebra; to indicate the unity of 
the methods, and to conduct the pupil from the arithmetical 
processes to the more abstract methods of analysis, by easy 
and simple gradations. The work is also introductory to 
the University Algebra, and to the Algebra of M. Bourdon, 
which is justly considered, both in this country and in 
Europe, as the best text-book on the subject, which has yet 
appeared.* 

In the Introduction, or Mental Exercises, the language 
of figures and letters are both employed. Each Lesson is 
■o arranged as to introduce a single principle, not known 

iii 
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be&re, and the whole is so combined as to prepare the 
pupil, by a thorough system of mental training, for those 
processeis of reasoning which are peculiar to the algebraic 
analysis. 

It is about twenty years since the first publication of the 
Elkmentaby Algebra. Within that time, great changes 
have taken place in the schools of the country. The sys- 
tem's of mathematical instruction have been improved, new 
methods have been developed, and these require correspond- 
ing modifications in the text-books. Those modifications 
ha^e now been made, and this work will be permanent in 
its present form. 

Many changes have been made in the present edition, at 
the suggestion of teachers who have used the work, and 
fevored me with their opinions, both of its defects and 
merits. I take this opportunity of thanking them for the 
valuable aid they have rendered me. The criticisms of 
those engaged in the daily business of teaching are invalu*. 
able to .an author ; and I shall feel myself under special 
obligation to all who will be at the trouble to conmaunicate 
to me, at any time, such changes, either in methods or lan- 
guage, as their experience may point out. It is only through 
» the cordial co-operation of teachers and authors — ^by joint 
labors and mutual efforts — ^that the teict-books of the country 
can be brought to any reasonable degree of perfection. 

Ck>LincBiA Ctllioe, New Yobk, Marek^ 1859. 
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SUGGESTIONS TO TEACHERS. 



1. Thb Introduction is designed as a mental exercise. If 
thoroughly taught, it will train and prepare the mind of 
the pupil for those ^higher processes of reasoning, which it 
is the peculiar province of the algebraic analysis to develop. 

2. The statement of each question should be made, and 
every step in the solution gone through with, without the 
aid of a slate or black-board ; though perhaps, in the begin- 
ning, some aid may be necessary to those imaccustomed to 
such exerdses. 

3. Great care must be taken to have every principle on 
which the statement depends, carefully analyzed ; and equal 
care is necessary to have every step in the solution distinctly 
explained. 

4. The reasoning process is the logical connection of dis- 
tinct apprehensions, and the deduction of the consequences 
which follow from such a connection. Hence, the basis of 
aU reasoning must lie in distinct elementary ideas. 

6. Therefore, to teach one thing at a time — ^to teach that 
thing well— to expldn its connections with other things, 
and the consequences which follow from such conne#tion8, 
would seem to embrace the whole art of instruction, 
viii 
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EIEMENTARY AIGEBRA. 



INTRODUCTION. 

MENTAL EXEBCISES. 

LESSON I. 

1. John and Charles have the same number of apples ; 
both together have twelve : how many has each ? 

Analysis. — ^Let x denote the number, wl^ch John has; 
then, smce they have an equal numil^er, x will also denote ' v 
the number which Charles has, and twice a^ or 2a^ will 
denpte the number whict both have, which is 12. K'twice 
X is equal to 12, a; will be equal to 12 divided by 2, which 
is 6 ; tt^erefore, each has & apples. 

VTBITTEN. 

Let X denote the number of apples which John has; 
then, 

12 
X + X =z 2x = 12; hence, aj = -— = 6. 

2 

Note. — ^When x is written with the sign + before it, 
it is read plica x : and the line above, is read, x plus x 
tquats 12. 
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10 INTBODUOTION. 

Note. — ^When x is written by itself it is read one x$ 
and is the same as, Ix ; 

X or liB, means once Xj or one x. 

205, " twice aj, or two aj, 

305, " three times x, or three Xy 

4Xj " four times aj, or four 05, 

Ac, Ac, Ac. 

2. What is a 4- « equal to ? 

8. What is 25 + 2a5 equal to? 

4. What is 25 + 2a5 + x equal to? 

6. What is 35 + 6a5 + x equal to ? 

6. What is « + 2a5 + 3a5 equal to ? 

7. James and J<3hn together have twenty-four peaches, 
and one has as many as the other : how many has each ? 

Analysis. — ^Let a5 denote the number which James has; 
then, since they have an equal number, a5 will also denote 
the number which John has, and twice a5 will denote the 
number which both have, which is 24. If twice x is equal 
to 24, X will be equal to 24 divided by 2, which is 12 ; 
therefore, each has 12 ppaches. 

WBTTTEN. 

Let X denote the number of peaches which James has ; 
then, 

24 .* 

a; + 05 = 2a5 = 24; hence, a5 = —- = 12. 

2 

VERIFICATION. 

A Verification is the operation of proving that the num- 
ber found will satisfy the conditions of the question. Thus, 

James^ apples. John^s apples. 

12 + 12 = 24. 

Note. — ^Let the following questions heanali/zed^ vyritten^ 
and veiiftedy in eocMity the^ome numner as the flibove. 
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MENTAL EXERGIBE8. 11 

8. William and John together have 36 pears, and one haa 
as many as the other : how many has each ? 

9. What number added to itself will make 20? 

10. James and John are of the same age, and the sum of 
'their ages is 32 : what is the age of each? 

11. Lucy and Ann are twins, and the sum of their ages 
is 16 : what is the age of each? 

12. What number is that which added to itself will 
make 30? 

13. What number is that which added to itself will 
make 50? 

14. Each of two boys received an equal sum of money at 
Christmas, and together they received 60 cents : how much 
had each ? 

16. What number added to itself will make 100? 

16. John has as many pears as William ; together they 
have Y2 : how many has each ? 

17. What number added to itself will give a sum equal 
to 46? 

18. Lucy and Ann liave each a rose bush with the same 
nmnber of buds on each ; the buds on both number 46 : 
how many on each? 



LESSON n. 

1. John and Charles together have 12 apples, and Charles 
has twice as many as John : how many has each ? 

Analysis. — ^Let x denote the number of apples which 
John has ; then, since Charles has twice as many, 2x will 
denote his share, and x 4- 2a5, or 3a5, will denote the 
number which they both have, which is 12. If Sx is equal 
to 12, X will be equal to 12 divided by 3, which is 4; 
therefore, Jghn has 4 apples, and Charles, having twice as 
oiariy, has 8. 
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12 INTRODUCTION. 

WBrrrKN. 

Tiet X denote the number of apples John has ; then, 

2x will denote the number of apples Charles has; and 

aj + 2a5 = 8a; = 12, the number both have; then, 

12 
25 = —- = 4, the number John has ; and, 
3 

2a5 = 2 X 4 = 8, the number Charles has. 

VERIFICATION. 

4 4- 8 = 12, the number both have* 

2. William and John together have 48 quills, and William 
has twice as many as John : how many has each ? 

3. What number is that which added to twice itself will 
give a number equal to 60 ? 

4. Charles' marbles added to John's make 3 times as many 
as John has; together they have 61 : how many has each? 

Analysis. — ^Since Charles' marbles added to John's make 
three times as many as Charles has, Charles must have one 
third, and John two thirds of the whole. 

Let X denote the number which Charles has; then 2a; 
will denote the number which John has, and x •{• 2Xy or 
3a^ will denote what they both have, which is 51. Then, if 
8a5 is equal to 51, x will be equal to 61 divided by 3, 
which is 17. Therefore, Charles has 17 marbles, and John, 
having twice as many, has 34. 

WRITTEN. 

Let X denote the number of Charles' marbles; then, 
2x will denote the number of John's marbles; and 

Sx = 61, the number of both ; then, 

61 
as = — = 17, Charles' marbles; and 

17 X 2 = 34, John's marbles. 
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MENTAL BXBB0I8ES. 13 

5. Wliat number added to twice itself will make 75 ? 

6. What nmnber added to twice itself will make 51? 

7. What number added to twice itself will make 39 ? 

8. What number added to twice itself will give 90 ? 

9. John walks a certain distance on Tuesday, twice aa 
(kr on Wednesday, and in the two days he walks 27 miles • 
how far did he walk each day ? 

10. Jane's bush has twice as many roses as Nancy's: and 
s>n both bushes there are 36 : hoAv many on each? 

11. Samuel and James bought a ball for 48 cents ; Samuel 
paid twice as much as James : what did each pay ? 

12. Divide 48 into two such parts that one shall be double 
the other. 

13. Divide 66 into two such paits that one shall be double 
the other. 

14. The sum of three equal numbers is 12 : what are the 
numbers? 

Analysis. — ^Let x denote one of the numbers; then, 
since the numbers are equal, x will also denote each of 
the others, and x plus x plus «, or Sx will denote their 
sum, which is 12. Then, if Sx is equal to 12, x will be 
equal to 12 divided by 3, which is 4 : therefore, the numbers 
are 4, 4, and 4. 

WRITTEN. 

Let X denote one of the equal numbers ; then, 
a5 + aj-|-a5 = 3a;=:12; and 

aj = — = 4. - 
3 

VERIFICATION. 

4 + 4 + 4 = 12. 

15. The sum of three equal numbers is 24 : what are the 
numbers? 

16. The sum of three equal numbers is 36 : what are the 
numbers? 
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14 IFTBODUCTION. 

17. The sum of three equal numbers is 64 : what are the 
numbers? 



LESSON m. 

1. What number is that which added to three times itself 
will make 48 ? 

Analysis. — ^Let x denote the number; then, Sx will 
denote three times the number, and x plus 3aj, or 4a5, 
will denote the sum, which is 48. If 4a5 is equal to 48, 
x will be equal to 48 divided by 4, which is 12; there- 
fore, 12 is the required number. 

WRTTTEN. 

Let X denote the number; then, 

Sx = three times the number; and 
X + Sx =z 4x =z 48, the sum : then, 

aj = ~ = 12, the required number, 

VERIFICATION. 

12 4- 3 X 12 = 12 + 36 = 48. 

Note. — ^All similar questions are solved by the same 
form of analysis. 

2. What number added to 4 times itself will give 40? 

3. What number added to 6 times itself will give 42 ? 

4. What number added to 6 times itself will give 63 ? 
6. What number added to 1 times itself will give 84 ? 

6. What number added to 8 times itself will give 81 ? 

7. What mmiber added to 9 times itself will give 100? 

8. James and John together have 24 quills, and John has 
three times as many as James : how many has each ? 

9. William and Charles have 64 marbles, and Charles bai 
7 tim^ as many as William : how many has eatdi ? 
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MENTAL EXEBOJ8E8 15 

10. James and John travel 96 miles, and James travels 
1 1 times as &r as John : how far does each travel ? 

11. The sum of the ages of a fether and son is 84 years; 
and the father is 3 times as old as the son : what is the age 
of each ? 

12. There are two numbers of which the greater is 1 
times the less, and their sum is 72 : what are the numbers ? 

13. The sum of four equal numbers is 64: what are the 
numbers ? 

14. The sum of six equal numbers is 54 : what are the 
numbers ? 

15. James has 24 marbles ; he loses a certain number, and 
then gives away 7 times, as many as he loses which takes all 
he has : how many did he give away ? Verify. 

16. William has 36 cents, and divides them between his 
two brothers, James and Charles, giving one, eight times as 
many as the other : how many does he give to 6ach ? 

17. What is the sum of x and Sx? Of a; and Ix? 
Of 35 and 6a;? Of a; and 12a;? 



LESSON IV. 

1. K 1 apple costs 1 cent, what will a number of apples 
denoted by x cost? 

Analysis. — Since one apple costs 1 cent, and since x 
denotes any number of apples, the cost of x apples will be 
as many cents as there are apples : that is, x cents. 

2. Kl apple costs 2 cents, what will x apples cost? 

Analysis. — Since one apple costs 2 cents, and since x 
denotes the number of apples, the cost will be twice as many 
cents as there are apples : that is 2a; cents. 

3. If 1 apple costs 3 cents, what will x apples cost ? 

4. If 1 Ifemon costs 4 cents, what will x lembns cost ? 
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16 INTRODUCTION. 

6. If 1 orange costs 6 cents, what will x oranges cost ? 

6. Charles bought a certain number of lemons at 2 cents 
apiece, and as many oranges at 3 cents apiece, and paid in all 
20 cents : how many did he buy of each ? 

Analysis. — ^Let x denote the number of lemons ; then, 
since he bought as many oranges as lemons, it will also 
denote the number of oranges. Since the. lemons were 
2 cents apiece, 2x will denote the cost of the lemons ; and 
since the oranges were 3 cents apiece, Sx will denote 
the cost of the oranges; and 2x + Sx^ or 5iB, will denote 
the cost of both, which is 20 cents. Now, since 5x cents 
are equal to 20 cents, x will be equal to 20 cents divided by 
6 cents, which is 4 : hence, he bought 4 of each. 

WRITTEN. 

Let X denote the mmiber of lemons, or oranges ; then, 
2x = the cost of the lemons ; and 
3aj = the cost of the oranges ; hence, 
2aj + 3a3 = 6a5 = 20 cents = the cost of lemons and 

oranges; hence, 

X = — - = 4, the number of each. 

5 cents 

VERIFICATION. 

4 lemons at 2 cents each, give, 4x2= 8 cents. 

4 oranges at 3 cents each, " 4 x 3 = 12 cents. 

Hence, they both cost, 8 cents +12 cents = 20 cents. 

7. A former bought a certain number of sheep at 4 dollars 
apiece, and an equal number of lambs at 1 dollar apiece, 
and the whole cost 60 dollars: how many did he buy of 
each? 

8. Gharles bought a certain number of apples at 1 cent 
apiece, and an equal number of oranges at 4 cents apiece, and 
pmd 50 cents in all : how many did he buy of each f 
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ME;NTAL BXEB0I8KB. 17 

9. James bought an equal number of apples, pears, and 
lemons ; he paid 1 cent apiece for the apples, 2 cents apiece 
for the pears, and 3 cents apiece for the lemons, and paid 
12 cents in all : how many did he buy of each ? Verify, 

10. A fiirmer bought an equal number of sheep, hogs, 
and calves, for which he paid 108 dollars; he paid 3 dollars 
apiece for the sheep, 6 dollars apiece for the hogs, and 
4 dollars apiece for the calves: how many did he buy of 
each? 

11. A farmer sold an equal number of ducks, geese, 
and turkeys, for which he received 90 shillings. The ducks 
brought him 3 shillhigs apiece, the geese 6, and the turkeys 
7 : how many did he sell of each sort ? 

12. A tailor bought, for one hundred dollars, two pieces 
of cloth, each of which contained an equal number of yards. 
For one piece he paid 3 dollars a yard, and for the other 
2 dollars a yard : how many yards in each piece ? 

13. The sum of three numbers is 28 ; the second is .t^vice 
the first, and the third twice the second : what are the 
numbers ? Verify. 

14. The sum of three numbers is 64 ; the second is 3 times 
the first, and the third 4 ' times the second : what are the 
numbers ? 



LESSON V. 

1. If 1 yard of cloth costs x dollars, what will 2 yards 
cost? • 

Antai^ysis. — ^Two yards of cloth will cost twice as much as 
one yard. Therefore, if 1 yard of cloth costs x dollai'S, 
2 yards will cost twice x dollars, or 2x dollars. 

2. If 1 yard of cloth costs x dollars, what will 8 yardb 
c^st? Why? 
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3. If 1 oratf^e costs x cents, what wiD 7 traoge^ cost f 
Why? 8 oranges? 

4. Charles bought 3 lemons and 4 oranges, for which he 
paid 22 cents. He paid twice as much for an orange as for 
a lemon : what was the price of each ? 

ANAiiYsis. — ^Let X denote the price of a lemon ; then, 2x 
will denote the price of an orange ; Sx will denote the cost 
of 3 lemons, and 8a; the cost of 4 oranges ; hence, Sx plus 
8a?, or 1 la, will denote the cost of the lemons and oranges, 
which is. 22 cents. If 11a; is equal to 22 cents, x is equal to 
22 cents divided by 11, which is 2 cents: therefore, the 
price of 1 lemon is 2 cents, and that of 1 orange 4 cents, 

WKllTJfiN, 

Let X denote the price of 1 lemon ; then, 
2a; = " 1 orange; and, 

Sa* + 8a; = 11a; = 22 cts., the cost of lemons and oranges; 

2 2 cts 
hence, x ==. - = 2 cts., the price of 1 lemon ; 

fmd, 2x2 = 4 cts., the price of 1 orange, 

VEEIFICATION, 

3x2= 6 cents, cost of lemons, 
4x4 = 16 cents, cost of oranges. 
22 cents, total cost. 

6, James bought 8 apples and 3 oranges, for which he 
paid 20 cents. He paid as mucH for 1 orange as for 4 apples: 
what did he pay for one of each ? 

6. A farmer bought 3 calves and 7 pigs, for which he paid 
19 dollars. He paid four times as much for a calf as for a 
pig : what was the price of each ? 

7. James bought an apple, a peach, and a pear, for which 
he paid 6 cents. He paid twice as much for the peach as for 
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the apple, and three times as much for the pear as for the 
apple : what was the price of each ? 

8. William bought an apple, a lemon, and an orange, for 
which he paid 24 cents. He paid twice as much for the 
lemon as for the apple, and 3 times as much for the orange 
as for the apple : what was the price of each ? 

9. A farmer sold 4 calves and 5 cows, for which he received 
120 dollars. He received as much for 1 cow as for 4 calves : 
what was the price of each ? 

10. Lucy bought 3 pears and 6 oranges, for which she 
paid 26 cents, giving twice as much for each orange as for 
each pear: wtat was the price of each? 

11. Ann bought 2 skeins of silk, 3 pieces of tape, and a 
penknife, for which she paid 80 cents. She paid the same 
for the silk as for the tape, and as much for the penknife as 
for both : what was the cost of each ? 

12. James, John, and Charies are to divide 56 cents 
among them, so that John shall have twice as many as 
James, and Charles twice as many as John: what is the 
share of each ? 

13. Put 64 apples into three baskets, so that the second 
shall contain twice as many as the first, and the third as 
many as the first and second : how many will there be in 
each. 

14. Divide 60 into four such parts that the second shall 
be double the first, the third double the second, and the 
fourth double the third : what are the niraibers ? 



LESSON VL 

1. If 205 + 05 is equal to 3aj, what is 3aj — » equal 
to? Written, Sx — x = 2a5. * 

2. What is 405 — » equal to ? Written, 

^ 405 — 05 =: Sos. 
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8. What is 8aj minus 6a; equal to ? Written, 
8x — 6x = 2x. 

4. What is 12aj — 9aj equal to? Ans. 3% 

5. What is 16a; — 1x equal to? 

6. What is 17a; — 13a; equal to? Ans. 4x. 

7. Two men, who are 30 miles apart, travel towards each 
other ; one at the rate of 2 miles an hour, and the other at 
the rate of 3 miles an hour : how long hefore they will meet? 

ANALTSnf!" — ^Let X denote the numher of hours. Then, 
since the time, multipHed by the rate, will give the distance, 
2a; will denote the distance traveled by the first, and 3a; 
the distance traveled by the second. But the sum of the 
distances is 30 miles ; hence, 

2a; + 3a; = 6a; = 30 miles ; 
and if 6a; is equal to 30, x is equal to 30 divided by 5, 
which is 6 : hence, they will meet in 6 hours. 

WRITTEN. 

Let X denote the time in hours; then, 

2a; = the distance traveled by the 1st ; and • 
3aj == " " 2d. 

By the conditions, 

2a; -f 3a; = 6a; = 30 miles, the distance apart ; 

hence, a; = -— = 6 hours. 

6 

VERIFICATION. 

2X6 = 12 miles, distance traveled by the first. 
3x6 = 18 miles, distance traveled by the second. 
30 miles, whole distance. 

8. Two persons are 10 miles apart, and are traveling in 
the same direction ; the first at the rate of 3 miles an hour^ 
and the second at the rate of 6 miles : how long, before the 
second will overtake the first ? a 
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Analysis. — ^Let x denote the time, in hours. Then, Sx 
will denote the distance traveled . by the first in x hours ; 
and 5x the distance traveled by the second. But when 
the second overtakes the first, he will have traveled 10 miles 
more than the first : hence, 

6aj — 3aj = 2a; = 10 ; 
if 2a; is equal to 10, x is equal to 6 : hence, the second wiU 
overtake the first in 6 hours. 

WRITTEN. 

Let X denote the time, in hours: then, 
3a; = the distance traveled by the 1st ; 
^nd, 6a; = ** " 2d; 

and, 5a; — 3a; = 2a; = 10 hours; 

or, a; = -— - = 6 hours. 

VERIFICATION. 

3 X 5 = 15 miles, distance traveled by 1st. 
5 X 5 = 26 miles, " " 2d. 

25 — 16 = 10 miles, distance apart. 

9. A cistern, holding 100 hogsheads, is filled by two 
pipes ; one discharges 8 hogsheads a minute, and the other 
12 : in what time will they fill the cistern ? 

10. A cistern, holding 120 hogsheads, is filled by 3 pipes ; 
the first discharges 4 hogsheads in a minute, the second 7, 
and the third 1 : in what time will they fill the cistern ? 

11. A cistern which holds 90 hogsheads, is filled by a pipe 
which dischai-ges 10 hogsheads a minute ; but there is a 
waste pipe which loses 4 hogsheads a minute : how long 
will it take to fill the cistern ? 

12. Two pieces of cloth contain each an equal number of 
yards ; the first cost 3 dollars a yard, and the second 6, and 
both pieces cost 96 dollars : how many yards in each ? 

13. Two pieces of cloth contain each an equal number of 
yards ; the first cost 7 dollars a yard, and the second 6 ; the first 
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cost 60 dollars more than the second: how many yards in 
each piece ? 

14. John bought an equal number of oranges and lemons 
the oranges cost him 5 cents apiece, and the lemons 3 ; and 
he paid 66 cents for the whole : how many did he buy of 
each kind ? 

16. Charles bought an equal number of oranges and 
lemons; the oranges cost him 6 pents apiece, and the 
lemons 3 ; he paid 14 cents more for the oranges than for 
the lemons : how many did he buy of each ? 

16. Two men work the same number of days, the one 
receives 1 dollar a day, and the other two : at the end of 
the time they receive 64 dollars : how long did they work ? 



LESso:^^ vn. 

1. John and Charles together have 26 cents, and Charles 
has 6 more than John : how many has each ? 

Analysis. — ^Let x denote the number which John has ; 
then, x+ 5 will denote the number which Charles has, and 
a; -f- 05 + 6, or 2a5 + 6, will be equal to 26, the number 
they both have. Since 2aj + 6 equals 26, 2x will be 
equal to 26 minus 6, or 20, and x will be equal to 20 
divided by 2, or 10: therefore, John has 10 cents, and 
Charles 16. 

WBirTBN. 

Let X denote the number of John's cents ; then, 

X + 5 =: " • Charles' cents ; and, 

« + 05 + 6 = 26, the number they both have ; or, 

2a5 + 6 = 26 ; and, 

205 = 25 — 6 = 20 ; hence, 

20 
85 = — .= 10, John's number; and, 

2 

10 + 6 = 16, Charles' number. 
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VBBIFICATION. 



Jobn'k. 


Charles*. 




10 


4- 15 


= 25, the sum. 


Charles'. 


John's. 


' 


15 


- 10 


= 5, the difference, 



2. James and John have 30 marbles, and John has 4 more 
fcnan James : how many has each ? 

3. William bought 60 oranges and lemons ; there were 
20 more lemons than oranges : how many were there ot 
each sort ? 

4. A former has 20 more cows than calves ; in all he has 
36 : how many of each sort ? 

6. Lucy has 28 pieces of money in her purse, composed 
of cents and dimes ; the cents exceed the dimes in number 
by 16 : how many are there of each sort ? 

6. What number added to itself, and to 9, will make 29 ? 

7. What number added to twice itself, and to 4, will 
make 25 ? 

8. What number added to three times itself, and to 12, 
will make 60 ? 

9. John has five times as many marbles as Charles, and 
what they both have, added to 14, makes 44 : how many has 
each? 

10. There are three numbers, of which the second is twice 
the first, and the third twice the second, and when 9 is 
added to the stmi, the result is 30 : what are the numbers ? 

11. Divide 13 into two such parts that the second shall 
be two more than double the first : what are the parts ? 

12. Divide 60 into three such* parts that the second shall 
be twice the first, and the third exceed six times the first 
by 4 : what are the parts? 

18. Charles has twice as many cents as James, and John 
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has twice as many as Charles ; if 7 be added to what they 
all have, the sum will be 28 : how many has each ? 

14. Divide 15 into three such parts that the second shall 
be 3 times the first, the third twice the second, and 6 over : 
what are the numbers ? 

15. An orchard contains three kinds of trees, apples, pears, 
and cherries; there are 4 times as many pears as apples, 
twice as many cherries as pears, and if 14 be added, the 
number will be 40 ; how many are there of each ? 



LESSON vm. 

1. John after giving away 6 marbles, had 12 left: how 
many had he at first ? 

Analysis. — ^Let x denote the number ; then, x minus 5 
wiQ denote what he had left, which was equal to 12. Since 
X diminished by 5 is equal to 12, x will be equal to 12, 
increased by 5 ; that is, to 17 : therefore, he had 17 marbles. 

WRITTEN. 

Let x denote the number he had at first ; then, 
a; — 6 = 12, what he had left ; and 

a; = 12 + 5 = 17, what he first had. 

VERIFICATION. 

17 — 6 = 12, what were left. 

2. Charles lost 6 marbles and has 9 left : how many had 
he at first ? 

8. William gave 15 cents to John, and had 9 left : bow 
many had he at first ? 

4. Ann plucked 8 buds from her rose bush, and there 
were 19 left : how many were there at first ? 
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5. William took 27 cents firom his purse, and there were 
13 left: how many were there at first? 

6. The smn of two numbers is 14, and their difference is 2 : 
what are the numbers? 

Analysis. — ^The diflTerence of two numbers, added to the 
less, will give the greater. Let x denote the less number; 
then, a; + 2, will denote the greater, and a? 4- aj + 2, 
will denote their sum, which is 14. Then, 2a5 + 2 equals 
14; and 2x equals 14 minus 2, or 12: hence, x equals 
12 divided by 2, or 6 : hence, the numbers are 6 and 8. 

TBBIFICATION. 

6 + 8^14, their sum ; and 
8 — 6 = 2, their difference. 

I. The sum of two numbers is 18, and their difference 6 ; 
what are the numbers ? 

8. James and John have 26 marbles, and James has 4 more 
than John : how many has each ? 

9. Jane and Lucy haye 16 books, and Lucy has 8 more 
than Jane : how many has each ? 

10. William bought an equal number of oranges and 
lemons; Charles took 5 lemons, after which William had but 
25 of both sorts : how many did he buy of each ? 

II. Mary has an equal number of roses on each of two 
bushes ; if she takes 4 from one bush, there will remain 24 
on both : how many on each at first ? 

12. The sum of two numbers is 20, and their difference 
is 6 : what are the numbers ? 

Analysis. — ^If x denotes the greater mmiber, a? — 6 will 
denote the less, and a; + a; — 6 will be equal to 20 ; hence, 
2a; equals 20 + 6, or 26, and x equals 26 divided b^ 2, 
equals 18 ; hence tlie numbers are }B and 1,. 
2 
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WBiTi'KJNr. 

Let X denote the greater; then, 

as — 6 = the less ; and 
aj -4- a — 6 = 20, their sum ; hence, 
2a; = 20 + 6 = 26 ; or, 
26 

05 = Y = 13 ; and 13 - 6 = ». 

VBBinCATION, 

13 + 7 = 20 ; and, 13 — 7 = 6. 

13. The sum of the ages of a father and son is 60 yeaiSi 
and their difference is just half that number : what are theii 
ages? • 

14. The sirai of two number^ is 23, and the larger lacks 
1 of being 1 times the smaller : what are the numbers ? 

16. The sum of two numbers is 60 ; the larger is equal to 
10 times the less, minus 6 : what are the numbers ? 

16. John has a certain number of oranges, and Charles 
has four times as many, less seven ; together they have 63 : 
how many has each ? 

17. An orchard contains a certain number of apple trees, 
and three times as many cherry trees, less 6 ; the whole num- 
ber is 30 : how many of each sort ? 



LESSON IX. 

1. If a denotes any number, and 1 be added to it, what 
will denote the sum ? Ans, x + I, 

2. If 2 be added to x^ what will denote the sum ? If 3 
be added, what ? If 4 be added ? Ac. 

If to John's marbles, one marble be added, twice his num- 
ber will be equal to 10 : how many had he ? 

Akaltsis. — ^Let x denote the number ; then, x + I will 
dttiote the number after 1 i84uided, and twice this nimiber. 
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or 2x + 2, will be equal to 10. If 2aj + 2 is equal to 10, 
2x wiU be equal to 10 minus 2, or 8 ; or x will be equal to 4. 

WEHTEN. 

Let X denote the number of John's marbles ; then, 

a; + 1 = the number, after 1 is added; and 

2(a; + 1) = 2a5 + 2 = 10 ; hence, 

8 
2a5 = 10 — 2 ; or a; = - = 4. 

VERIFICATION. 
2(4 + 1) = 2 X 6 = 10. 

4. Write X + 2 multiplied by 3. Am. 3(« + 2). 

What is the product ? Ans, Sx+ 6. 

6. Write 05 -f 4 multiplied by 6. Ans. 5{x + 4). 

What is the product ? Ans. 5x + 20. 

6. Write aj -f 3 multiplied by 4. Ans. 4 (a? 4- 3). 
What is the product ? Ans. 4x + 12. 

7. Lucy has a certain number of books ; her father gives 
her two more, when twice her niunber is equal to 14 : how 
many has she ? 

8. Jane has a certain number of roses in blossom ; two 
more bloom, and then 3 times the number is equal to 16 : 
how many were in blossom at first ? 

9. Jane has a certain number of handkerchiefs, and buys 
4 more, when 6 times her number is equal to 46 : how many 
had she at first ? 

10. John has 1 apple more than Charles, and 3 times 
John's, added to what Charles has, make 16 : how many 
has each ? 

Analysis. — Let x denote Charles' apples ; then a; + 1 will 
denote John's ; and a; + 1 multiplied by 3, added to a;, or 
3a5 + 3 4- aj, will be equal to 16, what they both had; hence, 
493 + 8 equals 16 ; and 4a; equals 16 minus 3, or 12 ; and 
m zs A. Write, and verify. 
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11. James bas two marbles more tban William, and twice 
his marbles plus twice William's are equal to 16 : bow miany 
bas eacb ? 

12. Divide 20 into two sucb parts tbat one part sball ex- 
ceed tbe other by 4. 

13. A fruit-basket contains apples, pears, and peaches; 
there are 2 more pears than apples, and twice as many 
peaches as pears ; there are 22 in all : how many of each 
sort? 

14. What is the sum of a; + 3a; + 2(a; + 1) ? 

16. What is the sum of 2(a; + 1) + l(a; + I) + x? 

16. What is the sum of a; + 6(« + 8) ? 

17. The sum of two numbers is 11, and the second is equal 
to twice the first plus 4 : what are the numbers? 

18. John bought 3 apples, 3 lemons, and 3 oranges, for 
which he paid 27 cents ; he paid 1 cent more for a lemon 
than for an apple, and 1 cent more for an orange than for a 
lemon : what did he pay for each ? 

19. Lucy, Mary, and Ann, have 15 cents; Mary has 1 
more than Lucy, and Ann twice as many as Mary? 



LESSON X. 

1. If a; denote any number, and 1 be subtracted from it^ 
what will denote the difference ? Ans, a; — 1. 

If 2 be subtracted, what will denote the difference ? If 
3 be subtracted? 4 ? cfec. 

2. John has a certain number of marbles ; if 1 be taken 
away, twice the remainder will be equal to 12 : how many 
has he? 

Analysis. — ^Let x denote the number ; then, as — 1 wiD 
denote the number after 1 is taken away; and twice this 
number, or 2(a5 — 1) = 2a; — 2, will be equal to 12. If 2m 
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diminished by 2 is equal to 12, 2x is equal to 12 pins 2, or 
14 ; hence, x equals 14 divided by 2, or 1. 

Let X denote the number; then, 

a — 1 = the number which remained, and 

2(aj — 1) = 2aj — 2 r= 12 ; hence, 

14 
2aj = 12 4- 2, or 14; and aj = — = 7. 

2 

TEEinCATION. 

2(7-1) = 14 - 2 = 12 ; also, 2(7-1) = 2 X 6 = 12 

3. Write 3 times a? — 1. Am, S{x — 1). 
What is the product equal to ? Arts, Sx — 3. 

4. Write 4 times a? — 2. Ans, 4(x — 2). 
What is the product equal to ? Ans, 4x — 8. 

5. Write 5 times a? — 6. Ans, 6(a5 ~ 5). 
What is the product equal to ? Ans, 5x — 26. 

6. If a; denotes a certain number, will a? — 1 denote a 
greater or less number ? how much less ? 

7. If 05 — 1 is equal to 4, what will x be equal to ? 

Ans, 4 -f 1, or 5. 

8. If a? — 2 is equal to 6, what is x equal to ? ^ 

9. James and John together have 20 oranges ; John has 
6 less than James : how many has each ? 

10. A grocer sold 12 pounds of tea and coffee ; if the tea 
be diminished by 3 pounds, and the remainder multiplied by 
2, the product is the number of pounds of coffee : how many 
pounds of each ? 

11. Ann has a certain number of oranges ; Jane has 1 less, 
and twice her number added to Ann's make 13 : how many 
has each ? 

Analysis. — ^Let x denote the number of oranges which 
Ann has; then, a; - 1 will denote the number Jane has. 
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and aj + 2a; — 2, or 8a; — 2, will denote the number both 
have, which is 13. If 3a; — 2 equals 13, 3a; will be equal 
to 13 4- 2, or 16 ; and if 3a; is equal to 16, x will be equal 
to 15 divided by 3, which is 5 : hence, Ann has 5 oranges 
and Jane 4. 

wiirrTEN. 

Let X denote the number Ann has ; then, 

a; — 1 = the number Jane has ; and 

2(a; — 1) = 2a; — 2 = twice what Jane has; also, 

« + 2a; — 2 = 3a; — 2 = 13 ; hence, 

16 
3a; = 13 + 2 = 16; or a; = — = 6. 

VERIFICATION. 

6 — 4 = 1; and 2x4 + 5 = 13. 

12. Charles and John have 20 cents, and John has 6 less 
than Charles : how many has each ? 

13. James has twice as many oranges as lemons in his bas- 
ket, and if 6 be taken from the whole number, 19 will re- 
main : how many had he of each ? 

14. A basket contains apples, peaches, and pears ; 29 in 
all. If 1 be taken from the number of apples, the remainder 
will denote the number of peaches, and twice that remainder 
will denote the number of pears : how many are there of 
each sort ? 

15. If 2a; — 6 equals 15, what is the value of x? 

16. If 4a; — 6 is equal to 11, what is the value of a;? 

17. If 5a5 — 12 is equal to 18, what is the value of a;? 

18. The sum of two numbers is 32, and the greater ex- 
ceeds the less by 8 : what are the numbers ? 

19. The sum of 2 numbers is 9 ; if the greater number 
be diminished by 5, and the remainder multiplied by 3, the 
product will be the less number : what are the numbers P 

20. There are three nimibers such that 1 taken from the 
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first will give the second ; the second multiplied by 3 will 
give the third ; and their sum is equal to 26 : what are the 
numbers ? 

21. John and Charles together have just 31 oranges; if 
1 be taken from John's, and the remainder be multiplied by 
5, the product will be equal to Charles' number : how many 
has each? 

22. A basket is filled with apples, lemons, and oranges, in 
all 26 ; th§ number of lemons exceed the apples by 2, and 
the number of oranges is double that of the lemons : how 
many are there of each ? 



LESSON XI. 

1. John has a certain number of apples, the half of which 
is equal to 10 : how many has he ? 

Analysis. — ^Let x denote the number of apples ; then, 
X divided by 2 is equal to lO ; if one half of aj is equal to 
10, twice one-half of as, or aj, is equal to twice 10, which is 
20 ; hence, x is equal to 20. 

Note. — ^A similar analysis is applicable to any one of the 
• fractional units. Let each question be solved according to 
the analysis. 

2. John has a certain number of oranges, and one-third of 
his number is 16 : how many has he ? 

3. If one-fifth of a nujnber is 6, what is the number? 

4. If one-twelfth of a number is 9, what is the number ? 

5. What number added to one-half of itself will give a 
sum equal to 12? 

Analysis. — ^Denote the number by x ; then, x plus on«- 
half of X equals 12. But x plus one-half of x equals three 
halves of x: hence, three halves of x equal 12. If three 
halves of x equal 12, one-half of x equals one-third of 12, 
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or 4. If one-half of x equals 4, x eqaab twice 4, or 8 • 
b^ice, X equals 8. 

WBTTTEN, 

Let X denote the number; then, 

1 3 

85 + -» = -SB = 12 ; then, 

Ji 2 

-aj = 4, or 9$ = 8. 

VERIFICATION. 

8 + ? = 8 + 4 = 12. 

6. What ntimber added to one-third of itself will give a 
sum equal to 12? 

Y. What number added to one-fourth of itself will give 
a sum equal to 20 ? 

8. What number added to a fifth of itself will make 24? 

9. What, number diminished by one-half of itself will 
leave 4? Why? 

10. What number diminished by one-third of itself will 
leave 6 ? 

11. James gave one-seventh of his marbles to William, 
and then has 24 left : how many had he at first ? 

12. What number added to two-thirds of itself will give 
a sum equal to 20? 

13. What number diminished by three-fourths of itself 
will leave 9? 

14. What number added to five-sevenths of itself wjll 
make 24 ? 

15. What number diminished by seven-eighths of itself 
win leave 4 ? 

16. What number added to agl t-ninths of itself will 
make 34? 
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CHAPTER L 

DEFINITIONS AND JSXPLANATORY SIGNS. 

1. Quantity is anything that can be measured, as num- 
ber, distance, weight, time, &c. 

To measure a thing, is to find hov^ many times it contains 
some other thing of the same kind, taken as a standard. The 
assumed standard is called the unit of measure. 

2. Mathematics is the science which treats of the pro 
perties and relations of quantities. 

In pure mathematics, there are but eight kinds of quantity, 

• and consequently but eight kinds of TTntts, viz. : Units of 

Number; Units of Currency ; Units of Length; Units of 

Surface; Units of Volume; Units of Weight; Units of 

Tim^; and Units of Angular Measure. 

9. Algebba is a branch of Mathematics in which the 
quantities considered are represented by letters, and the^ 
operations to be performed are indicated by signs. 

1. What is quantity? What is the operation of measuring a thing t 
What is the assumed standard called ? 

2. What is Mathematics MVow many kinds of quantity are there ia 
the pure mathematics? Name the units of those quantities. 

S. What is Algebra? 
1* 
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4* The quantities employed in Algebra are of two kinds, 
Known and Unknown : 

Known Quantities, are Ihose whose values are given; 

and 
Unknown Quantities are those whose values are re- 
quired. 
Knoxon Quantities are generally represented by the lead- 
ing letters of the alphabet, as, a, 5, c, &c. 

Unknown Quantities are generally represented by the 
final letters of the alphabet ; as, a, y, 2, &c. 

When an unknown quantity becomes known, it is often 
denoted by the same letter with one or more accents ; as, 
aj', aj", aj". These symbols are read : x prime; x second/ 
X third, c6c. 

5. The Sign op Addition, +, is called plies. When 
placed between two quantities, it indicates that the second 
is to be added to the first. Thus, a + 5, is read, a plus A, 
and indicates that b is to be added to a. If no sign is 
written, the sign + is understood. 

The sign -f, is sometimes called the positive sign, and the 
quantities before which it is written are called positive quan- 
titiesy or additive quantities, 

6* The Sign op Subtraction, — , is called minus. When 
placed between two quantities, it indicates that the second 
is to be subtracted from the first. Thus, ,the expression, 

4. How manj kinds of quantities are trnployed in Algebra ? How are 
they distinguished ? What are known quantities ? What are unknown 
quantities ? By what are the known quantities represented ? By what 
ire the unknown quantities represented ? When an unknown quantity 
becomes known, how is it often denoted? 

5. What is the sign of addition called? When placed between two 
quantities, what does it indicate ? 

6. What is the sign of subtraction called ? When placed between tw9 
({tiaxiUt^ wldat dbte ft inditADB f 
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e — d^ re^d c minus d^ indicates that df is to be subtracted 
from 0. (£ a stands for 6, and d for 4, then a — d iB equal 
to 6 — - i, which is equal to 2. 

The «ign — , is sometimes called the negative sign, and the 
quantities before which it is written are called negative quan- 
Hties^ or subtractive qiuintities. 

7% The Sign of Multiplication, x, is read, nmUiplied 
by^ or into. When placed between two quantities, it indi- 
cates that the first is to be multiplied by the second. Thus, 
a X h indicates that a is to be multiplied by 5. If a stands 
for 7, and h for 5, then, a X h h& equal to 7 X 5, which is 
equal to 35. 

The multiplication of quantities is also indicated by simply 
writing the letters, one after the other ; and sometimes, by 
placing a point between them ; thus, 

a X h signifies the same thing as a&, or as a,h. 

a X b X c signifies the same thing as o^o, or as a.hx. 

§• A Factor is any one of the multipliers of a product. 
Factors are of two kinds, numeral and literal. Thus, in the 
expression, 5a5c, there are four factors : the ni^meroZ £u;tor, 
6, and the three literal factors, a, 5, and c. 

9. The Sign of Division, -5-, is read, divided by. When 
written between two quantities, it indicates that the first is 
to be divided by the second. 

— 7. How Is the sign of moltiplication read ? When placed between two 
quantities, what does it indicate ? In how many ways may multiplication 
be indicated ? 

- ^. What is a factor? How many kinds of factors are there? How 
many factors are there in Zahc ? 

9. How is the sign of division read ? When wiitten between two quan- 
tities, whiit does it indicate ? How many ways are there of indicating 
diTisidn? 
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There are three signs nsed to denote division. Thus, 
a -T- b denotes that a is to be divided by A. 
T denotes that a is to be divided by b. 

a I b denotes that a is to be divided by b. 

10. The Sign of Equality, =, is read, eqiud to. When 
written between two quantities, it indicates that they *are 
equal to each other. Thus, the expression, a -f 5 = c, in- 
dicates that the sum of a and b is equal to c. If a stands 
for 8, and b for 5, c will be equal to 8. 

11. The Sign of Inequaltty, > <, is read, greater 
thariy or less than. When placed between two quantities, 
it indicates that they are unequal, the greater one being 
placed at the opening of the sign. Thus, the expression, 
a > &, indicates that a is greater than b ; and the expres- 
sion, c <C dy indicates that c is less than d. 

la. The sign . • , means, thereforey or conseqitently. 

IS* A CoBFFiciENr is a number written before a quaii- 
tity, to show how many times it is taken. Thus, 

a + a + a + a + a = 6a, 

in which 5 is the coefficient of a. 

A coefficient may be denoted either by a number^ or a 
letter. Thus, 6x indicates that x is taken 5 times, and am 

- W. What is the sign of equality ? When placed between two qnanti 
ties, what does it indicate ? 

11. How is the sign of inequality read ? Which quantity is placed on 
tiie ^'de of the opening ? 

12. What does . •. indicate? 

18. What is a coefficient? How many times is a taken in 6a. By 
what may a coefficient be denoted ? If no coefficient is written, what 
coefficient is understood ? In 5ax, how many times is ax taken? How 

ay times is z taken? 
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indicates that x is taken a times. If no coefficient is writ> 
ten, the coefficient 1 is understood. Thus, a is the same 
as la. 

14. An ExpoinsNT is a nmnber written at the right and 
above a quantity, to indicate how many times it is taken as 
a &ctor. Thus, 

a X a \a written a\ 
a X a X a " a\ 
a X a X a X a " a*, 
&c., <&c., 

m which 2, 8, and 4, are exponents. The expressions are 
read, a square, a cube or a third, a fourth; and if we have 
a*, in which a enters m times as a fiictor, it is read, a to 
the mth, or simply a, mth. The exponent 1 is generally 
omitted. Tins, a> is the same as a, each denoting that a 
enters but once as a factor. 

15* A PowBB is a product which arises from the multi- 
plication of equal factors. Thus, 

ax a z= a^ is the square, or second power of a. 
axaxa = a^is the cube, or third power of a. 
axaxaxa^zo^ia the fourth power of a. 
a X a X ... . = a* is the mth power of a. 

16. A Root of a quantity is one of the equal fiwjtors. 
The radical sign, ^ , when placed over a quantity, indi- 
cates that a root of that quantity is to be extracted. The 
root is indicated by a number written over the radical sign, 

14. What is an exponent? In a', how manj times is a taken as a fac- 
tor? VThen no exponent is written, what is understood? 

—16. What is a power of a quantity? What is the third power ©f 2? 
0f4? Of 6?jZ/a ' 

,^46. What is the °ofe^ of a quantity? What indicates a root? What 
indicates the kind ot root? What is the index of the square root? Of 
the cube root?. Of the fifth root? 
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called an index. When the index is. 2, it is generally omit' 
ted. Thus, 

^/a^ or y/a, indicates the square root of a. 
^/a indicates the cube root of a. 
\/a indicates the fourth root of a. 
«^/a indicates the mth root of a. 

17. An Algebbaic Expression is a quantity written in 
algebraic language. Thus, 

,^ ( is the algebraic expression of three times 

( the number denoted by a ; 
g 2 J is the algebraic expression of five times 
( the square of a ; 

I is the algebraic expression of seven times 
^d^lP'X the the cube of a multiplied by the 
( square of h ; 

I is the algebraic expression of the differ- 
Za — hhX ence between three times a and five 
times J; 
is the algebraic expression of twice the 
square of a, diminished by three times 
tlie product of a by 5, augmented by 
four times the square of A. 

^ O A Term is aa algebraic expression of a single quaii0 
tity. Thus, 3a, 2abj — 5a^b\ are terms. 

19. The Degree of a term is the number of its literal 
&ctors. Thus, 

g j is a term of the first degree, because it contains but 
( one literal fector. 



2a* — Sab + 46^^ 



17. What is an algebraic expressioD ^^j^ 

(^ 18. What 18 a term? c ^- 

19. Wbatiathede^pneeofatermt What determlQet the degree of & term t 
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g 2 j is of the second degree, because it contains two lite- 
( ral fiictors. 

r is of the fourth degree, because it contains four literal 
la^h \ factors. The degree of a term is determined by 
( the sum of the exponents of all its letters. 

90. A Monomial is a single term, unconnected with any 
other by the signs + or — ; thus, Sa^, Sft'a, are monomials. 

91, A Polynomial is a collection of terms connected 
by the signs + or — ; as, 

3a - 6, or, 2a? — 3J + 4J2. 
99. A Binomial is a polynomial of two terms ; as, 

a + J, Za? — c\ Qah — c^. 
98* A Trinomial is a polynomial of three terms ; as, 

ahc — a? + (^y ab -- gh -- f, 

94. Homogeneous Term;^ are those which contain the 
same number of literal factors. Thus, the terms, o^j, — a\ 
+ c^, are homogeneous ; as are the terms, oi, — gh. 

95. A Polynomial is homogeneous, when all its terms 
aio homogeneous. Thus, the polynomial, abc — a^ + c^, is 
homogeneous ; but the polynomial, db — gh —f is not ho- 
mogeneous. 

96. Similar Terms are those which contain the same 
literal factors affected with the same exponents. Thus, 

lab + Sab — 2aJ, 

20. What is a monomial ? 

21. What is a polynomial t 

22. What is a binomial ? 
28. What is a trinomial t 

24. What are homogeneous terms ? 

25. When is a polynomial homageneeiis f 
M. WlAt aM tindlar t^rmtt 
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are similar terms; and so also are, 

but the terms of the first polynomial and of the last, are not 
similar. 

ay. The Vinculum, , the Bar \ , the FareiV' 

thesis^ ( ) , and the Brackets^ [ ] > are each used to con- 
nect several quantities, which are to be operated upon in the 
same manner. Thus, each of the expressions. 



a 



X 

(a + b + c) X OB, 



a + b + c X Xj + b 

and [a + J + c] X 05, 

indicates, that the sum of a, by and c, is to be multiplied 
by X. 

3§. The Regipbocal of a quantity is 1, divided by that 
quantity; thus, 

1 1 c 
a' a + b' 5' 
are the reciprocals of 

a, a + 0, -• 



39. The Numerical Value of an algebr^o expression^* > 
is the result obtsdned by assigning a numerical value to each . r ^ ^ 
letter, and then performing the operations indicated. Thus^. v 
the numerical value of the expression, 

aJb + be + dy 
when, a = 1, J = 2, c = 3, and J = 4, is 

1x2 + 2x3 + 4 = 12; 
by perfprming the indicated operations. 

27. For what is the Tincular used ? Pomt out the other ways k, whid 
this may be done f 
•2S. What is the reciprocal of a quantity? 
29. What is the numcfrio&l value cf an algebraical dxpressfon? 



\.- 
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EXAMPLES IN IV KITING ALGEBRAIC EXPRESSIONS. 

1. Write a added to h. Ans. a + b, 

2. Write b subtracted from a. Ans. a -- b. 

Write the following : 

3. Six times the square of a, minus twice the square of b. 

4. Six times a multiplied by 5, diminished by 6 times e 
cube multiplied by d. 

6. Nine times a, multiplied by c plus c?, diminished by 
8 times b multiplied by d cube. 

6. Five times a minus 5, plus 6 times a cube into b 
cube. 

7. Eight times a cube into d fourth, into c fourth, plus 
times c cube into d fifth, minus 6 times a into by into c 
square. 

8. Fourteen times a plus 6, multiplied by a minus b, 
plus 6 times a, into c plus d. 

9. Six times a, into c plus dy minus 6 times 5, into a plus 
c, minus 4 times a cube ft square. 

10. Write a, multiplied by c plus c?, plus/ minus g. 

11. Write a divided hj b + c. Three ways. 

12. Write a — b divided by a + 5. 

13. Write a polynomial of three terms; of four terms; of 
five, of six. 

14. Write a homogeneous binomial 9f the first degree; of 
the second; of the third; 4th; 6th; 6th. 

15. Write a homogeneous trinomial of tie first degree; 
with its second and third terms negative; of the second 
de^ee; of the 3rd; of the 4th. 

16. Write in the same column, on the slate, or black-bodrd, 
a monomial, a binomial, a trinomial, a polynomial of four 
terms, of five terms, of six terms and of seven terms, and all 
of the same degree. 
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raTBEPRETATION OP ALGEBRAIC LANGUAGE. 



Find the mimerial values of the following 


expressions, 


when, 




a = 1, J == 2, c = 3, d=^4. 




1. a6 -f be 


-4n5. 8. 


2. a '{'^bc + A. 


Arts. 11. 


3. aJ + J — 0. 


-4w«. 3. 


4. oi + Jc — d 


Ana. 4. 


6. (a + 5) c» - J. A . 


^W5. 23. 


6. (a + J) (^ - 5.) 


-4n5. 6. 


7. \ah -\- ad)c + d. 


Ana. 22. 


8. (a^^ H r) (a(? — a). 


uirw. 16. 


9. 3a252 - 2(a + ^ + 1). 


Ana. 0. 


10. "* J ^ X (a + c?) 


u4n«. 10. 


^^- 7 ^^ 2 • 


-4n«. 32. 


,^ a6* - c - a^ ^ 4a2 - J + (?3 
12. ^ X ^_ 


An^. 4. 



6 33 

Find the numerical values of the following expressions, 
when, 

a = 4, J r= 3, c = 2, and <? = 1. 

13. - - - + c — <?. Ana. 2. 

16. [{a^b + 1)<?] -r (a*5 + <7). ^n«. 1. 

16. 4(o5c - Q-) X (30c9 — alflcP). Ana. 11088. 

,^ o + J + c , a5c<f , 4a''+5»-<f» . ,^, 

!»• ^3 5+^ + -^ + u+h. ' ^"'- "*• 

18. ?i(^^±^ _ ^% _8_ X aW<?3. ^n*. 8466. 
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CHAPTER n. 

FUNDAMENTAL OPBBATIONS. 
ADDITION, 

80* Addition is the operation of finding the sinplest 
equivalent expression for the aggregate of two or more 
algebraic quantities. Such expression is called their Sum. 

When the terms are similar and have like signs, 

+ a 

81. 1. What is the sum of a, 2a, 8a, and 4a? -f- 2a 

Take the sum of the coefScients, and annex the ^ 3^ 

literal parts. The first term, a, has a coefScient, ^ <^ 

1, understood (Art. 13). 



2. What is the sum of 2ab^ 3a5, 6ai, and ab. 
When no sign is writtten, the sign + is under- 
stood (Art 5). 



Add the following : 

(3.) (4.) 

a Bab 

a lab 



+ 10a 

2ab 

Bab 

Qab 

ah 



I2ab 



+ 2a 



I5ab 



(6.) 
7ao 
5ac 

\2ac 



(6.) 

+ 4abc 
3abc 

+ labe 



80. What is addition ? 

81. What IB the rule for addition when the terms are sfauilar and hare 
like signs? 
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(^.) (8.) (9.) (10.) 

— Sabc — Sad — 2adf — 9abd 

— ^abc — 2ad — 6adf — Uabd 

— 5a5c — 5ad — Sac?/* -- 24aM 
Hence, when the terms are similar and have like signs : 

^ • BFLE. 

I Add the coefficients, and to their sum prefix ths common 
Uign / to thisj annex the common literal part. 

EXAMPLES. 

(11.) (12.) (13.) 

9ab + ax Sac^ — Sh^ Uab^c^ — 12abc^ 

9ab + Sax 1a<^ — 85* 12a^c* — IBabc^ 

12a& + ^ax Sac^ — 95^ g^ V — a^c^ 

TF^^n the terms are similar and have unlike signs. 

,* 32. The signs, + and — , stand in direct opposition to 
/ each other. 

If a merchant writes + before his gains and — before his 
losses, at the end of the year the sum of the plus numbers 
will denote the gains, and the sum of the minus numbers 
the losses. If the gains exceed the losses, the difference^ 
which is called the algebraic sum^ will be plus ; but if the 
losses exceed the gains, the algebraic sum will be minus. 

1. A merchant in trade gained |1500 in the first quarter 
of the year, |4000 in the second quarter, but lost |3000 in 
the third quarter, and |800 in the fourth : what was the re- 
sult of the year's business ? 

1st quarter, + 1500 3d quarter, — 3000 

2d " 8000 4th " — 800 

+ 4500 - 3800 

+ 4500 — 8800 = + 700, or |700 gain. 

12. What 18 the rale when the terms are shnilar and ha^e unlike ragni f 
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2. A merchant in trade gamed llOOO in the first quarter, 
and $2000 the second quarter ; in the third quarter he lost 
11500, and in the fourth quarter 11800 : what was the result 
of the year's business ? 

1st quarter, + 1000 3d quarter — 1600 

2d " + 2000 4th " — 1800 

+ 3000 - 3300 

4- 3000 — 3300 = — 300, or |300 loss. 

3. A merchant in the first half-year gamed a dollars and 
lost b dollars ; in the second half-year he lost a dollars and 
gained b dollars : what is the result of the year's business ? 

1st half-year, + a — b 

2d « ~ a -f b 

Result, 

Hence, the algebraic sum of a positive and tiegative quan- 
tity is their arithmetical difference^ with the sign of the 
greater prefixed. Add the following : 

8aJ 4ac5» — 4a2ft»c^ 

Zab — 8ac52 + Qa^b^c^ 

— 6aft ach^ — 2a^b^<^ 

bob — Zactf^ 

Hence, when the terms are mmilar and have unlike signs: 

I. Write the similar terms in the same cohrnin: 
n. Add the coefficients of ths additive terms, and also 

the coefficients of the subtractive terms : 
HL Take the difference of these sum^, prefix the sign 

of the greater y and then annex the literal part. 

BXAMPLES. 

1. What is the sum of 
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Having written the similar terms in the same 
column, we find the sum of the positive coeffi- 
cients to be 15, and the sum of the negative 
coefficients to be — 16 : their difference is — 1 ; 
hence, the sum is — aW. 



+ 6a2^ 



2. What is the sum of 
8a% + 6a2j — sa'J + ^a^h — Ca^J — a«5f An$. 2a^h. 

8. What is the sum of 
\2a^h(^—jia^<^+ Qa^hc^- Za^h<^+ lla^ic*? An$. lYa'W. 

4. What is the sum of 
idJ^b - 8a2j - 9a2J + lla«5? Ana. — 2a«». 

6, What is the sum of 
labc^ — dbc^ — Idbc^ + So^o* + 6a*c«? Ana. 13aW. 

6. What is the simi of 
9cJ3- 6cft3- 8ao^+ 20c^+ 9ac» - 24cft3? Ana. + oo • 

To ddd any Algebraic Quantitiea. ^^^ 

88* 1. What is the sum of 8a, 5ft, and — 2c? 
Write the quantities, thus, 

Za '\'bb ^ 2c; 

which denotes their sum, as there are no aimUar terma. 

2. Let it be required to find the sum of the quantities, 
2a^ 4ab 
3a^ -Sab + ft« 
2ab - 5ft» 
5a2 — 5aft - 4ft« 

SS. What it the rnle for the addkion of amy tlge'braic quantities f 
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From tte preceding examples, we have, for the addition 
of algebraic quantities, the following 

BULS. 

L Write the quantities to be added j plaein^ similar terms 
in the sam>e column^ and giving to eotch its proper sign : 

n. Add tip each column separately and then annex the 
dissimilar terms with their proper signs. 

SX'AHPLBS. 

1. Add together the polynomials, 
8a^ - 2»« — 4a5, 5a^''b^+ 2aft, and 8aJ - Sc* — 2i». 



The term 3a* being similar to 
6a\ we write Sa^ for the result 
of the reduction of these two ^ 
terms, at the same time slightly 
crossing them, as in the first term. 



3i^ - 4^ - 2^ 
Sa^+ ab - bb^-- Z^ 



Passing then to the term — 4a5, which is similar to 
+ 2ab and + 3aft, the three reduce to + ab^ which is 
placed after 8a*, and the terms crossed like the first temL 
Passing then to the terms involving b\ we find their sum 
to be — 5b\ after which we write — 8c*. 

The marks are drawn across the terms, that none of them 
may be overlooked and omitted. 

(2.) ^ (4.) 

labc + 9ax Box 4 Zb 12a ~ 6c 

— Zabc — 3aa; Box — 9b — 3a--9c 

4abc + (iax IZax — 6b 9a — 16c 

Note. — ^If a = 6, J = 4, o = 2, a; = 1, what are the 
numerioal values of the several suma above found f 
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(6.) 


(6.) 


(».) 


9a +f 


6aaj — 8ao 


S«/ + ^ + »'» 


— 6a + ff 


— lax — 9ac 


a^ — 3a/ — w 


-2a-/ 


oaj + l*Iac 


aft — ag+ Zg 


(8.) 




(9.) 


1x + Sai + So 8a5» + 


9aca5 + 13a2J3ca 


— Sas — Sab 


-5c -»a52~ 


IZacx + Ua^b^c^ 


5x — 9ab 


--9c - 4jc3 + 


4acx -^ 20a2ft2c» 



(10.) (11.) 

22A _ 3c — 7/ + 3^ 19a^ + Sa*b* — 8aa5» 

— 3A + 8c — 2/ - 9^ + 685 - Hah? - Qa^b* + 9aa? 

(12.) (18.) 

7aJ — 9y + 62^ + 3 — ^ 8a + 5 

— 05 — 3y — 8— ^ .2a— J+c 

— a? + y — 82 + 1 + 7^ — 3a5 + i + 2df 

— 2aj + 6y + 33 — I — ^ — 6ft — 3c + 3rf 

14. Add/ogether — ft + 3c — rf — 116e -f 6/ — 5^, 3ft " 
-- 2c - 3dr - c + 27/, 5c — 8rf + 3/ - 7^, - 7ft - 6c 
+.l7<?+9c — 5/+ll^, — 3ft-6(?-2c + 6/-9^ + A. 

Ans. — 8ft - 109c + 37/ - 10^ + A^^^-""*" 

15. Add together the polynomials 7a^ft — 3aftc — 8ft2c 
^ 9c3 + cd% Babe - 5a^b + 3c3 - ift^c + cd\ and 4a2ft 
^ 8c3 + 9ft2c - Sd^ 

' Am. 6a2ft + 5aftc — 3ft2c — 14c3 + 2cd^ - 3d\ 

16. What is the sum of, 5a^bo H- 6fta5 — 4q/; * — 3a2ftc 
^ 6ftc; + 14a/; - af+ 9bx 4- 2a2ftc, + 6a/— Sftaj + 6a2ftc? 

Am. lOa^ftc + bx + 16a/ 

17. What is the sum of aW + 3a3m + ft, — 6ahi^ 
- 6a^ — ft, + 9ft - 9a^m — 6aV ? 

Am. - 10a^2 _ i2a^ ^ 9ft. 
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18. What is the sum of ^a^hH — 16a*a5 — dosc'd; 

Ans, a^V^c + aa^cL 

19. What is the sum of — 7^ + 3J + 4^ — 2J 4- 3^ 
-Zh 4- 2ft? J[m. 0. 

20. What is the sum o^ db + Zxy — m -- n^ — Oosy 
— 3m + lln + cd; + 3ajy + 4m — lO/i +/^? 

-4n5. oft + erf + fg. 

21. What is the sum of Axy + n + Qax + 9am, — 6xt/ 
+ 6/1 — 6ax — 8am, 2ajy — ^n + oaj — am? Ans. + ax. 



(22.) 


(23.) 


(24.) 


2(a + 5) 


6(o» - c^) 


©(c* - qP) 


8(a + b) 


- 4(a« - c") 


»(c3 - a/3) 


2{a + b) 


- I(a2 - c?) 


- 10(C3 _ fl/3) 


1{a + b) 




6(c3 - fl/S) 



Note. The quantity within the parenthesis must be 
regarded as a single quantity. 

25. Add 3a(^2 _ ^2) _ 2a{g^ - A^) + 4a(^2 _ ^2) 
F 8a(^2 _ ^2) __ 2a(^2 _ ^2), j^^g^ na{g^ - A^). 

26. Add Sc(a^c - 5*) - 9c{a^e - 5^) _ ^^(^2^ _ 52) 
.+ 15c(a2c - ft2) ^ ^(^2^ __ j2), ^^, 3^(^2^ _ 52), 

34. In algebra, the term add does not always, as in 
arithmetic, convey the idea of augmentation ; nor the term 
suniy the idea of a number numerically greater than any of 
the numbers added. For, if to a we add — J, we have, 
o — J, which is, arithmetically speaking, a difference be- 
tween the number of units expressed by a, and the number 

84. Do the words cuid and sum, in Algebra, convey the same ideas ai 
•in Arithmetic. What is the algebraic sum of 9 and — 4 ? Of 8 and 

— 2 ? May an algebraic sum be negative ? What is the sum of 6 and 

— 10? 5ow are such sums distinguished from arithmetical sumsf 

3 
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of units expressed by h. Consequently, this result iA an- 
merically less than a. To distinguish this sum fVrixi an 
arithmetical sum, it is called the algebraic sum. 



SUBTRACTION. 



85. SuBTRAcnoN is the operation of finding the diffeiv 
ence between two algebraic quantities. 

86* The quantity to be subtracted is called the Subtm- 
hend ; and the quantity from which it is taken, is called the 



The difference of two quantities, is such a quantity as 
added to the subtrahend will give a sum equal to the min- 
uend. 

EZAHPLSS. 

1. From I7a take 6a. 



In this example, 17a is the minuend, and 6a 
the subtrahend: the difference is 11a; becatMe^ 
11a, added to Qa^ gives 17a. 



OPSBATIOir. 

17a 

6a 

11a 



The difference may be expressed by writing the quantities 

thus: 

17a — 6a = 11a; 

in which the sign of the subtrahend is changed from 4- 
to -. 



2. From 15a5 take — 9x, 

The difference^ or remainder, is such a quantity, 
as being added to the subtrahend, — 9Xy will 
give the minuend, IBx. That quantity is 24a^ 
and may be foxmd by simply changing the sign 



OPXEATXOH. 

16ar 
24it 
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lOax 

Rem, lOax — a + ^ 
add + a — b 

lOax 
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of the subtrahend, and adding. Whence, we may write, 
15aj — (— Oaj) = 24a5. 

3. From lOax take a — 5. 

The difference^ or remainder^ is such a quantity, as addei 
ioa — by will give the minuend, lOax: what is that quan 
tity? 

If you change the signs of both 
terms of the subtrahend, and add, 
' you have, lOax — a + J. Is this 
the true remainder ? Certainly. 
For, if you add the remainder to 
the subtrahend, a -- J, you obtain 
the minuend, lOax. 

It is plain, that if you change the signs of all the terms 
of the subtrahend, and then add them to the minuend, and 
to this result add the given subtrahend, the last sum can be 
no other than the given minuend ; hence, the Jlrsi result is 
the true difference, or remainder (Art. 36). 

Hence, for the subtraction of algebraic quantities, we have 
the following 

BULB.. 

L Write the terms of the stebtrahend under those of the 
minuend^ placing similar term^s in the same column : 

n. Conceive the signs of aUthe tefnms of ths subtrahend 
to be changed from + to —, or from — to +, and then 
proceed as in Addition. 





KXAMPLES OF MONOMIALS. 






(1.) 


(20 


(8.) 


From 


Sab 


6ax 


90*0 


take 


2ab 


Sax 


lobe 


Rem. 


ab 


Sax 


2abe 
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From 
taks 
Rem. 



From 
take 
Rem. 



laWc 

Sax 
8c 



(5.) 

UaWc 

(8.) 
4(zbx 
9ac 



(6.) 

VlaWx 

(9.) 
2am 
ax 



Zax — 8c ^hx — 9ac 2am — ax 



10. 
11. 
12. 
13. 
14. 
15. 
16. 
17. 
18. 
19. 
20. 
21. 
22. 
23. 
24. 
25. 
26. 
27. 
28. 
29. 



From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 



Ans. 6a2^. 

Ans. Zla^xy. 

Ans. iia^y^. 

Arts, Sla^^y. 

Ans. ZaW — Za^h\ 

Ans. la^b^ - 6a*52. 

Ans. Zab^ — a^h^. 

Ans. 7?y — y'^x. 

Ans. Sx^y^ — ocy. 

Ans. 8a^y^x — xyz. 

Ans. \1aW. 

Ans. 34a2ya, 

Ans. — 40a*5«. 

Ans. Q?y^. 

— 4*Ja^x^y take — ba^d^y. Ans. — 42a^^. 

— 94a2a;2 take Za^x^. Ans. — Qla^\ 
a '\- Q? take — y^. Ans. a + aj2 + y^ 
a3 + 53 take — a^ — ft3^ ^^ ga^ + 2h\ 

— IQaWy take — 19a^y. Ans. + Za^x^y. 
o? — a;2 take a^ + a^. -4n5. — 2aj*. 



9a252 take ZaW. 
IQa^xy take — 15a^. 
12a*2/3 take 8a V- 
19a-Wy take — 18a*aj®y. 
3a253 take 3a3^2, 
7a25* take 6a*J2, 
3a52 take aW. 
x^y take y^. 
Zx^y^ take asy. 
Sa'^y^x take ays. 
9a252 take — Sa^ft^. 
14a2y2 take — 20a2y2. 

— 24a*i« take I6a^b\ 

- 13jc2y* take — Ux^y^. 
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6SNSBAL EXAMPLBS. 



(1.) fli (1-) 

From 6ac — 6ab + c^ g'S'l Qac — 5ab 4- c^ 

take Sac + 3a5 + 7c i P — 3ac — 3a5 — 7c 



Rem. 3ac - Soft 4- c2 — 7c. ^Hl, 3ac - Sab + & — 7c 

(2.) (3.) 

From 6aa; — a + 35^ 6ya; — 3a;2 + 5 j 

take 9aa5 — a; + 5^ yaj — 3 + a 



Rem. — Zax — a + aj 4- 2ft2. Sya; — Sa;^ + 3 -h 6^ — a. 

(4.) (5.) 

From 6a3--4a2J4- SlH 4ab — cd+Sa^ 

take — 2^3 + 3a25 — 85^c 5ab - Acd + 3a2 4. 5^ 

Rem. 7a3 - la^b 4- 1 iJ^c. — a^ 4- 3c<? - bb\ 

6. From a 4- 8 take c — 5. -4n5. a — c 4- 13 

7. From Oa^ — 15 take 9a2 4. 30. u4m. — Za^ — 46 

8. From Qxy — 8a^c3 take ■— *Jxy — aV. 

• -4w5. 13052^ — 7a V 

9. From a 4- c take — a ^ c. Ans. 2a + 2c 

10. From 4(a 4- b) take 2{a 4- b). Ans. 2(a 4- ^) 

11. From 3(a 4- a;) take (a + x). Ans. 2(a 4- «) 

12. From 9(a2 — a;^) take — 2(c«2 — a;2). 

J[w5. Il(a2 — aj^) 

13. From Oa^ — 15*2 take — Za^ 4- ^b\ 

, ^W5. 9a2 — 24*2 

14. From 3a'» — 2*» take a"» — 2*». Ans. 2a'". 

15. From 9c2m2 — 4 take 4 — 7c2m2. Ans. lec^m* — 8. 

16. From 6am 4- y take 3am — x. Ans. Zam 4- a; 4- y. 

17. From 3aa5 take 3aa5 — y. Am. + y. 
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54 ELBMBNTART ALQIBBA. 

18. From — 7/ + 3m — 8aj take — 6/ — 6m — 2aj + 
8^ + 8. Ans. — / + 8m — 605 — 8e? — 8. 

19. From — a — 6J + 7c + rf take 4b — c + 2d + 2k. 

Ans. — a — 95 + 8c — <;? — 2A?, 

20. From — 3a + i — 8c + 7e — 6/+ 3A — 7a5 — I3y 
take k + 2a -- 9c -h Se — 1x + If — y — Bl — k. 

Ana. — 6a + 5 + c - 6 - 12/ + 3A — 12y + 3/L 

21. From 2a5 — 4a — 2i + 6 take 8 — 65 + a + 6a. 

Ans. — 4a; — 6a + 3ft — 3. 

22. From Ba + b + e — d-- 10 take c + 2a — d. 

Ans. a + J — 10. 

23. From Ba + b + o — d-- 10 take J — 19 + B(i. 

Ans. c — {? + 9. 

24. From a^ + Bb^o + a5« — a5c take b^ 4- aft^ - abc. 

Ans. a^ + 352c — b\ 

26 From 12a! + 6a — 45 + 40 take 45 — 3a + 4a5 + 

ad — 10. Ans. 8a; + 9a — 85 — 6<? + 60. 

26. From 2a5 — 3a + 45 + 6c — 60 take 9a + a; + 65 
^ 6o — 40. Ahs. X — 12a — 25 4-*12c — 10. 

27. From 6a — 45 -- 12c 4- 12a; take 2a; — 8a + 45 
— 6c. Ans. 14a — 85 — 6c -f lOa^ 

88. In Algebra, the term difference does not always, as 
in Arithmetic, denote a nmnber less than the minuend. For, 
if from a we subtract — 5, the remainder will be a + 5 ; 
and this is numerically greater than a. We distinguish 
between the two cases by calling this result the algebraic 
difference. 

88. In Algebra, as in Arithmetic, does the term difference denote a 
number less than the minuend ? How are the results in the two cases, 
distingubhed from each other? 
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89« When a polynomial is to be subtracted from an al- 
gebraic quantity, we inclose it in a parenthesis, place the 
minus sign before it, and then write it after the minuend. 
Thus, the expression, 

6a^ - {Sab - 2*2 + 2Jc), 

indicates that the polynomial. Sab — 2*^ + 2Jc, is to be 
taken from 6a\ Performing the operations indicated, by 
the rule for subtraction, we have the equivalent expression : 

6a2 ^ Sab -h W' — 2bc, 

The last expression may be changed to the former, by 
changing the signs of the last three terms, inqilosing them in 
a parenthesis, and prefixing the sign — . Thus, 

6a' — Sab + 2*2 — 2*c = Oa^ — {Sab - 25* + 2Jc). 

In like manner any polynomial may be transformed, as in- 
dicated below : 
7a3 — Sa^b - 4*2c + 6*3 = Ya^ — (Sa^j + 4*2c - 65^) 

= 7a3 - 8a2* - (fiX^c - 6*3). 

So* - 7*2 + c - c? = 8a3 — (7*2 — + (^ 

= 8a3 - 752 - (-. c 4- rf). 

9J3 — a + 3a2 - (? = 9*^ - (a — 3^2 + (Q 

= 9*3 - a - (- 3a2 + d). 

NoTB. — ^The sign of every quantity is changed when it is 
placed within a parenthesis, and also when it is brought out. 

40* From the preceding principles, we have, 

« — (+*) = a — *; and 
a - (- 5) = « + *. /" 

89. How 18 the subtraction of a polynomial indicated ? How is this 
indicated operation performed ? How may the result be again put under 
the first form ? What is the general rule in regard to the parenthesis ? 

40. What is the mgn which immediately precedes a quantity called f 
What is the sign which precedes the parentheds called? What is th« 



Digitized by VjOOQ IC 



56 ELEMENTARY /LLGEBBA. 

The sign immediately preceding b is called the sign qf t?ie 
qtiantity; the sign preceding the parenthesis is called the 
rign of operation; and the sign resulting from the combin- 
ation of the signs, is called the essential sign. 

When the sign of operation is different from the sign of 
the quantity, the essential sign will be — ; when the sign of 
operation is the same as the sign of the quantity, the essen- 
tial sign will be +. 



MULTIPLICATION. 

41. 1. If a man earns a dollars in 1 day,howmuch wiU 
he earn in 6 days? 

Analysis. — ^In 6 days he will earn six times as much as in 
1 day. If he earns a dollars in 1 day, in 6 days he will earn 
6a dollars. 

2. K one hat costs d dollars, what will 9 hats cost ? 

Ans. 9d dollars. 

3. If 1 yard of cloth costs c dollars, what will 10 yards 
cost ? Ans. 1 Oo dollars. 

4. If 1 cravat costs b cents, what will 40 cost? 

Ans. 40b cents. 

5. If 1 pjdr of gloves costs b cents, what will a pairs 
cosf> 

Analysis. — ^If 1 pair of gloves cost b cents, a pairs will 
cost as many times b cents as there are units in a : that is, 
b taken a times, or oft ; which denotes the product of b 
by o, or of a by b. 

resulting sign called ? When the sign of operation is different from the 
sign of the quantity, what is the essential sign ? When the sign of ope- 
ration is the same as the sign of the quantity, what is thr essential sign t 
41. What is Multiplication? What is the quantity to be multiplied 
eaUed? What is that called by which it is multiplied? What is the 
result caHed? 
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Multiplication is the operation of finding the product 
of two qitantities. 

The quantity to be multiplied is called the Multiplicand f 
that by which it is multiplied is called the Multiplier ; and 
the result is called the Product. The Multiplier and Multi- 
plicand are called Factors of the Product. 

6. If a man's income is Za dollars a week, how much will 
he receive in 45 weeks ? 

3a X 45 = 12a5. 

If we suppose a = 4 dollars, and 5 = 3 weeks, the pro- 
duct will be 144 dollars. 

Note. — ^It is proved in Arithmetic (Davies' School, Ai-t. 48. 
University, Art. 60), that the4)roduct isnot Altered by chang- 
ing the arrangement of the factors ; that is, 

12a5 = ax5xl2 = 5xaxl2 = axl2x5. 

MULTIPLICATION OF POSITIVE MONOMIALS. 

42. Multiply ZaW by 2a^b, We write, 

3a252 X 2a25 ^Zx^xa^Xa^xh^X.b 
= 3 X 2aaaa55 5; 

m which a is a factor 4 times, and 5 a factor 3 times ; 
hence (Art. 14), 

ZaW X 2a25 = 3 x 2a*53 = 6a*53, 

in which we multiply the coefficients together^ and add the 
exponents of the like letters. 

The product of any two positive monomials may be found 
in like manner ; hence tiie 

BULB. 

I, Multiply the coefficients together for a new coefficient : 
n. Write after this coefficient all the letters i?i both mono* 

42. W^hat id the rule foi multiplying one monomial by another f 
3* 
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micUs^ giving to each letter an exponent eqtuxl to the aitm of 
its exponents in the txjoo factors. 

BXAHPLB8. 

1. Za^hc^ X nabd?- = SCa^JVcZ*. 

2. 2\aWcd X Sabc^ = IQSa^b^c^d. 
8 4abc X Idf z= 2Babcdf 

(4.)' (5.) (6.) 

Multiply Za^b I2a^ Qxyz 

by 2a^b I2x^y ayf^z 

(1.) (8.) (9.) 

a^ Bab^c^ Slaa^y 

2ajy2 9a^b^c Zb^x^y^ 



2ahi^y^ 21a^b^d^ 2Qlah^x^y*' 

10. Multiply baWT? by 6c*ai«. Ans. BOaWc^xfi. 

11. Multiply lOa^b^c^ by lacd. Ans. lOa^b^d^d. 

12. Multiply 36aWc«df« by 20ab^(^d\ Ans. l20a^b^c^dK 

13. Multiply 6a"* by Soft*. ^w«. ISa^-^^J". 

14. Multiply 8a"*d3 by Ca^^*. Ans. 18a~+2j«+3^ 
16. Multiply 6a~»« by 9a^b\ Ans. 64a"+«J«+'. 

16. Multiply 6a~ft« by 2a^5«. uirw. 10a"+^Z>«+f. 

17. Multiply 6a«ft2(.2 ^y 2a5«c. J^tw. lOa^+^i^+^c^. 

18. Multiply 6a2*«c" by 8^352^2, ^^, 18a»J*+2c•+^ 

19. Multiply 20aWce? by 12a^x^y. Ans. 2^0a'^b^cdx^y. 

20. Multiply 14a*ft«rf^y by 20a^ch?y. A. 2B0a'^b^c^d^x^y\ 

21. Multiply 8a35V by la^bxy^. Ans. hQa'b^xy^ 

22. Multiply 75aa:|ye by ba^boda^. Ans. BlBa^bcda^yh. 
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28. Multiply 64a^m»aj4y2 by ^ahH^. A. bl^al^h^i^m^^yz. 
24. Multiply Qa^t^c^d^ by 12a^5*c«. Arts. l(i%a^¥c^d\ 
26. Multiply 216aJVc?8 by Sa^JV. ^tw. 648a*iVrf* 
26. Multiply roa^JVc^yaj by 12a'5«c3<feV- 

^w«. 840ai«JiVrf3/jB3y». 

muluflicatiok of polynomials. 

43. "* 1. Multiply a — J by c. 

It is required to take the difference 
between a and d, e times ; or, to 
take e^ a — h times. 

As we can not subtract h from c, 
we begin by taking a, c times, which 
is ac ; but this product is too large 
by h taken c times, which is he ; 
hence, the true product is ac — ho. 

If a, d, and c, denote numbers, as a = 8, & = 3, and 
c = 7, the operation may be written in figures. 

Multiply a — ft by c — d. 

It is required to take a •— ft as 
many times as there are units in 
e — d. 

If we take a — ft, c times, we 
have ac — be; but this product is 
too large by a — ft taken d times. 
But a — ft taken d times, is ad—db. 
Subtracting this product from the 
preceding, by changing the signs of 
Its terms (Art. 37), and we have. 



a — 


ft 






c 








ac - 


-ftc 




8 - 


3 


3:^ 


6 


1 • 


. 


. 


1 


56 - 


21 


=: 


85 



a - 


-ft 




c - 


^d 




aC' 


^hc 






'ad+ bd 




aC' 


-be -ad+bd 


8 


-3 = 


5 


1 


-2 = 


5 


56 


- 21 
-16 + 6 




56 


- 37 -f 6 = 


25. 



(a — ft) X (a — c) = aft — ft<5 — a(Z 4- ft<:?. 
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Hence, we have the following 

BULE FOB THE SIGKS, 

I. When tJie factors have like signSj the sign of their 
prodtict win be + : 

n. When t/ie factors have unlike signs^ the sign oftheit 
p7'odicct wiU be — .' 

Therefore, we say in Algebraic language, that +, multi- 
plied by + , or — multiplied by — , gives + ; — multi- 
plied by +, or + multiplied by — , gives — . 

Hence, for the multiplication of polynomials, we have the 
following 

BULE. 

Multiply every term of ths multiplicand by each term of 
the multiplier^ observing thcU like signs give +, and unlike 
signs — ; then reditce ths resuU to its simplest form, 

'EXAMPLES IN WHICH ALL THE TEBM3 ABE PLUS. 

1. Multiply .... Ba^ + 4tab + b^ 

by 2a + 5^ 

6a3+ Sa^b+ 2ab^ 
The product, after reducing, + I5d^b+ 20a^^ -f 5^ 

becomes .... 6a^ + 2Ba^+ 22ab^ + 6b\ 

44. Note. — ^It will be found convenient to arrange the 
terms of the polynomials with reference to some letter; that 
is, to write them down, so that the highest power of that 
letter shall enter the first term; the next highest, the 
second term, and so on to the last term. 

44. How are the terms of a polynomial arrahged with reference to a 
particular letter? What is this letter called ? I" the leading letter in the 
multiplicand and multiplier is the same, which will be the leading letter 
in the product? 



V 



Digitized by VjOOQ IC 



MULTIPLICATION. 61 

The letter with reference to which the arrangement is 
made, is called the Uadifig letter. In the above example the 
leading letter is a. The leading letter of the product will 
always be the -same as that of the factors. 

2. Multiply aj2 + 2ax + a^ by x + a. 

Ans. 7? + Zaa?' + Za^x + a\ 

3. Multiply 7? + y^ \>j X -^ y, 

Ans, aj* + xy^ + aj^y + y*, 

4. Multiply 3aft2 + ^a^d^ by SaJ^ + Sa^c^. 

Ans. 9a26* + ^la^H^c^ + 18a*c*. 

6. Multiply a^V^ + c^d by a + J. 

6. Multiply 3aaj2 + %ab^ + c<?« by Qa^c\ 

Ans, ISaVa^^ + 64aVJ3 ^_ eaVc?*/ 

7. Multiply 64a3iK3 ^_ 27a2a5 + 9aJ by Qa^cd. 

Ans, bl2a^cdx'^ + 2lQa^cdx + 72a*Jc(?. 

8. Multiply a^ + Za^ + Zax^ + 0^ by a + a. 

Ans. a* + 4a3aj + Qa^o? + 4flKB3 + as*. 

9. Multiply x^ + y^ by a? + y. 

Ans. aj3 + ajy^ + a;2y + ys^ 

10. Multiply a^ + ajy® + ^ax by oa; + hdx. 

Ans. 6aaj« + 6aa;V + 42a2a5» 

11. Multiply a3 + Sa^J + Zah^ +63 by a + ^ 

12. Multiply aj3 -f a;2y + xy^ -f y3 ^y a; + y. 

ui?i5. a;* + 2»3y + 2a52y2 ^ 2a^3 + y*. 

13. Multiply 03 + 2aj2 + a; + 3 by 3aj + 1. 

uins. 3a:* + '?a53 + bx^ + 10a; + 3. 
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GENERAL EXAMPLES. 

I. Multiply 2aaj — Sab 

by 3a; — b. 

The product 6ax^— 9abx 

becomes after — 2abx + Sab^ 

reducing Coaj^— llabx + SabK 

2. Multiply a* — 2b^ by a — b. 

Am. a^ — 20*3 — ai^h + 2i*. 

3. Multiply 7? — Sx — ^ by x — 2. 

Ans. JB^ — 5a;2 ■- a; -f 14. 

4. Multiply Sa^ - 5ab + 2b^ by a^ - lab. 

Ans. Sa* - 26a^b + Sla^b^ - Uab\ 
6. Multiply ^3 + ** + b^ by ^^ _ i. j^^g^ js _ ^2, 

6. Multiply a*— 20?*^ 4-4ajy— 8a»/3+ 16y* by x + 2y. 

Ans. a^ + 32y*. 
i. Multiply 4a;2 — 2y by 2y. ui^w. Saj^y — 4y2. 

8. Multiply 2a; + 4y by 2a; — 4y. u4.7i5. 4a;2 — 16y*. 

9. Multiply x^ + a;2y + xy^ + y^ by a; — y. 

u4.w5. as* — y*. 
10. Multiply 35^ + a^ + y^ by a^ — an/ -f y^ 

-47i«. a;* + x^y^ + y*. 

II. Multiply 2a^ — 3aa; + 4a^2 by 5a^ — 6ax — 2a52. 

Ans. 10a* — 2'7a3a; + 34a2a;2 — iBaa;^ _ q^a^ 

12. Multiply 3a;2 ~ 2a^ + 6 by a;^ + 2a^ — 3. 

Ans. 3a;* + 4a;3y — 4a^ -. 40-22^2 + 16a^ — 15. 

13. Multiply 3a;3 + 2a; V + 3y^ by 2a;3 - 3a; V + ^y^- 

( 6aj8 - 5a;5y2 _ gg^^ ^ Qg(^y2 ^ 

^* I 16a;3^3 — 9a;V + lOa^^y* + 15y5. 

14. Multiply Sax — 6ab — c by 2aa; 4- aJ + c. 
^Tw. 16(!tW — 4a«to — 6a'*2 4. Qacx - 7ciifto — c\ 
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15. Mult-ply 3a« — 5b^ + 3c» by a^ - b\ 

Am. Sa* - 8a2ft2 + saV + 6J* - 8^<?», 

16. 8a» — 5bd + cf 

- 5a^ + 45<^ ~ 8c/. 

Pro. red. — 3 6a* + S1a^d'-'29a^c/-20b^d^+Ubcdf^8cY^ 

11. Multiply a«aj — a^b^ by a^''. 

Ans. 0^+235*+ 1 _ a^ft^iB". 

18. Multiply a« + J» by a"* — ^*. -4n«. a^** — b^\ 

19. Multiply a« + ^" by a" + ^«. 

^/w. a2* + 2a^b* + bl*\ 



DIVISION. 

45. Division is the operation of finding from two qnan* 
tities a third, which being multiplied by the second, will 
produce the first. 

The first is called the Dividend^ the second the Divisor^ 
and the third, the Quotient. 

Division is the converse of Multiplication. In it, we have 
given the product and one fiictor, to find the other. The 
rules for Division are just the converse of those for Multi- 
plication. 

To divide one monomial by another. 

46. Divide Y2a* by 8a^ The division is indicated, 
thus: 

I2a^ ^ 
8a3 ' 

The quotient must be such a monomial, as, being multiplied 
by tfie divisor^ will give the dividend. Hence, the coefficient 

46. What is division ? What is the first quantity. called? Tha leeond f 
The tiiird ? What is glTen in division ? What is required f 
46. What is the rule fot the division of monomials? 
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of the quotient must be 9, and the literal part o? ; fo) these 
quantities multiplied by Sa^ will give 72a*. Hence, 

'^ = »«^- 

8a3 

The coefficient 9 is obtained by dividing 72 by 8; and 
the literal part is found by giving to a, an exponent equal 
to 5 minus 8. 

Hence, for dividing one monomial by another, we have 
the following 

BULB. 

L Divide the coefficient of the dividend by tJie coefficient 
of the divisor^ for a new coefficient : 

n. After this coefficient torite aU the letters of the dividend^ 
giving to each an escponent equal to the excess of its ^xpo- 
ponent in tJie dividend over that in the divisor. 

SIGNS m DIVISION. 

4Y. Since the Quotient multiplied by the Divisor must 
produce the Dividend : and, since the product of two factors 
having the same sign will be -f ; and the product of two 
factors having different signs will be — ; we conclude : 

1. When the signs of the dividend and divisor are like, 
the sign of the quotient will be +. 

2. When the signs of the dividend and divisor are unlike, 
the sign of the quotient will be — . Again, for brevity, we 
say, 

+ divided by +, and — divided by — , give -f ; 
— divided by +, and + divided by — , give — . 
+ ah _ . , — aJ , 

— ah - +- aft - 

— — = — ft; = — ft. 

+ a - a 



47. What is the rule for the signs, iu diviiuou ? 
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EXAMPLES. 

(2-) 



(3.) 



— 24a*bc 
+ Babe 



= - 8a\ 



(4.) 



'Z2a^b^x^ 



= — 4<3KB*. 



6. Divide Ibax^y^ by — Say. 


Ans. — 6a;2y2^ 


6. Divide Ua¥x by I2b\ 


-4n5. 7a^ 


1. Divide — SGa'^b^c^ by ga^J^c. 


Ans. — 4a^^c. 


8. Divide - OQa^i^aj^ by lla^J^a^. 


^715. — 9ab^. 


9. Divide lOSafiy^z^ by 64a552J. 


Ans. 2xy^z\ 


10. Divide 64a;V^ by - 16aj6y4s«. 


Ans. — 4xyz. 


11. Divide — 96a^b^c^ by I2a^bc. 


Ans. — 8a^JV. 


12. Divide - 38a*56(?4 by 2a^b^d. 


uiw«. — 19abdK 


13. Divide — 64a^b^c^ by 32a*Jc. 


Ans. — 2aJV. 


14. Divide 128a^a^y' by IQaxy^. 


Ans. Sa^Q^y\ 


15. Divide — 256a*JVc?' by IGa^Jc^. 


Ans.-^ieab^c^d'. 


16. Divide 200a^m^n^ by — bOa'mn, 


Ans. — 4amn. 


11. Divide 300aj3y4g2 ^y eOajy^g. 


Ans. 5x^y^z. 


18. Divide 2la'^b''e'^ by - Qabc. 


Ans. — 8a*5c. 


9. Divide 64ay258 ^y S2ay^z'^. 


-4n5. 2a2y2. 


20. Dividt - 88a556c8 by lla^J^c^. 


^m. -Sa^^V. 


21. Divide Y^a^yV by — llaV«*. 


Am. — 7. 


22. Divide 84a^b^c^d by - 42a^b^c^d. 


^n5. — 2. 


23. Divide - 88aWc6 by Sa^¥c\ 


-4n5. — llaJ. 


24. Divide 16x^ by - 8a5. 


uin5. — 2x. 


25. Divide - 88a«6« by lla^^. 


Ans. - 8a»-«i. 
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26. Divide 77a*ft» by — lla^b^ Ana. — Ya^-^J*-». 

27. Divide 84a«J« by 42a"J». ^n^. 2a8-"J«-*. 

28. Divide — 88a^5« by 8a"i'". Ans. — lla^"*»J«"-". 

29. Divide 96a^^ by 48a»5«. -47i«. 2ai"-"ii»-«. 

80. Divide 168aj«y* by 12a5«y«. -4w«. 14a5«"-"y*~*. 

81. Divide 266a5V by 16a»^'"c^. -47W. 16a^-*i3-«^-.|.^ 

MONOMIAL FBACnONS. 

4§. It follows from the preceding rules, that the exact 
division of monomials will be impossible : 

Ist. When the coefficient of the dividend is not exactly 
divisible by thsft of the divisor. 

2d. When the exponent of the saihe letter is greater in 
the divisor than in the dividend. 

3d. When the divisor contains one or more letters not 
found in the dividend. 

In either case, the quotient will be expressed by a fraction. 
A fraction is said to be in its simplest forrn^ when the 
numerator and denominator do not contain a common &ctor. 
For example, 12a*ft^c(?, divided by Sa^Jc^, gives 

12aW^ 
8a26c2 ' 

which may be reduced by dividing the numerator and de- 
nominator by the common factors, 4, a\ 6, and c, giving 



Also, 



8a2^c2 2c 



48. Under what circumstances will the division of monomials be im- 
possible f How will the quantities then be expressed f How is a mono* 
mial fraction reduced to its simplest form? 
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Hence, for the reduction of a monomial fraction to its asn^ 
plest form, we have the following 



BULE. 



Suppress every factor^ whether numerical or literal^ thcU 
is common to both terms of the fraction; the result will be 
the reduced fraction sought. 



(1.) 



BXAMPLBS. 

(2.) 
Zlab^c^d ZWc 



^ad^ 



SQa^b^c^de Sbce 



and 



also, 



7a25 1 



6a^c*d^ Qa^d * 

(4.) ' 
- 4a2J2 2a 

-— r: and ---^r — 

2ab 6a5* 



Ua^b^ "" 2ab' 6a5* 3^2 

6. Divide 49a^^c^ by 14a^be^. Ana, 

6. Divide Qamn by Zabc. Ans. 

1. Divide ISa^b^mn^ by 12a*i*crf. , Ans. 

8. Divide 2Sa^b^c'^d^ by IQab^cd^m. Ans. 

9. Divide 72a VJ^ by 12a^e^b^d. Ans. 

10. Divide lOOa^b^xmn by 25a^b^d. Ans. 

11. Divide 96a^b^c^df by I5a^cxy. Ans. 

12. Divide SSm^w^/ajZyS by ISam^nf. 

13. Divide 127^32.2^2 ]^j i6rf*aj*y*. ^w«. 



75c« 

2a 

2mn 

~bc' 

Zmm? 



2a'b^cd 

*Ia^c^d 

4b^ 

6 



o^c^bd 
ia^bxmn 



d 
Z2aWc^df 



2bxy 



3am* 
227 
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49. In dividing monomials, it often happens that the 
exponents of the same letter, in the dividend and divisor, 
are equal ; in which case that letter may not appear in the 
quotient. It might, however, be retained by giving to it the 
exponent 0. 

If we have expressions of the form 
a ^ ' ' 



a 



/y.2' /y.3» ^.4» nP' ^^'' 



and apply the rule for the exponents, we shall have, 

- = a^-i = ao, ~ = a2-2 = < ~ = a^-^ = a% Ac. . 
a 'a* a^ 

But since any quantity divided by itself is equal to 1, it fol- 
lows that, 

- = ao = 1, ^ = a2-2 = ao = 1, Ac. ; 
a or 

or, finally, if we designate the exponent by w, we have, 
= a"»"** = a° = 1: that is, 

T?ie power of any quantity is eqical to 1 : therefore. 
Any quantity may he retained in a term^ or introduced 
into a term^ by giving it the exponent 0. 

EXAMPLES, 

1. Divide Ga^^V by 2a^b\ 

2. Divide 8a*^V by — 4a*J3c. Ans. — 2a®5V = — 2c*. 

3. Divide — ^2m^n^xh^^ by Am^nhcy. 

Ans, — %m^n^xy = — Qxy, 

49. When the exponents of the same letter in the dividend and divisor 
are equal, what takes place? Hay the letter still be retained? Wiii 
what exponent ? What is the zero power of anj quantity equal to ? 
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4. Divide — Wa^V'c*' by — 24a*6*. Am. 4a*»5®c» = 4c». 
6. Introduce a, as a factor, into 65*c*. Ans, Qa^b^c*. 

6. Introduce ab, as factors, into dc^d\ Ana, Qa^^c^d"^. 

7. lutroduce abc, as factors, into Sd\f^. A. ^aPb^c^d^f"^. 

50. When the exponent of any letter is greater in the 
divisor than it is in the dividend, the exponent of that letter 
in the quotient may be written with a negative sign. Thus, 

— = — ; also, -1 = ^2-6 --- ^-3 by the rule; 
hence, a""^ = -g* /^'^ X 

Since, a-^ — we have, J x a""^ = -5; 

that^is, a in the numerator, with a negative exponent, is 
equal to a in the denominator, with an equal positive ex- 
poiient; hence, 

Any quantity hamng a negative exponent, is equal to the 
reciprocal of the same quantity with an equM positive ex- 
ponent. 

Hence, also, 

Any factor may be transferred from the denominator to 
the numerator of a fraction, or the reverse, by changing ih^ 
sign of its exponent. 

BXAMPLBS. 

1. Divide 32a'^bc by 16a^b\ 

. Z2a^bc « _o,_, 2c 

16a^J2 a^b 

50. When the exponent of any letter in the divisor is greater than in 
the dividend, how may the exponent of that letter be written in the quo- 
tient f What is a quantity with a negative exponent equal to ? How 
may a factor be transferred from the numerator to the denominator of a 
fracti<m ? 
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8. Reduce ^, J" , • • -4n«. -77-, or — -; 

51a;*y3 3 » 3jp8 

4. In 6ay""3aj""2, get rid of the negative exponents. 

Ana. -r-5» 

6. In _3._^ , get rid of the negative exponents. 

6. In ^3 - _5 ..2 » get nd of the negative exponents. 

7. Reduce ,. »,_. » -4/w. -r , or —z-r- ' 

8. Reduce I2a^b^ -^ Sa^b^. Am. Oa-^b'\ or -^. 

ao 

®« lii -2;^-i > S®* "^ ^^ **^® negative exponents. 

arc 
10. Reduce — ; . , » ^n«. 8a5V. 

2b divide a polynomial by a monomial. 

51m To divide a polynomial by a monomial : 
Divide each term of the dividend^ separately^ by the 
divisor ; the algebraic sum of the qicotients wUlbe the quo- 
tient sought. 

UXAMPLSS. 

1. Divide ZaW — a by a. Ans. Zab^ — 1. 

61. How do you divide a polTiiomial bj a monomial? 
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2. Divide ba^V^ - 26a*^2 by baW. Am. 1 - 6a. 

3. Divide Zba^b^ — 2bah by — bah. Ana. — 7a5 + 6. 

4. Divide lOdb ~ 16ac by 6a, Ana. 2b — 3o. 

5. Divide 6a5 — 8aa5 + 4a^ by 2a. 

-4n*. 39 — 4a; + 2ay. 

6. Divide — 16aaj* + 6a^ by — 3ia;. Ana. box — 2a5*. 
1. Divide — 21a!y2 + Bba^b^y - Yc^y by - 7y. 

u4.7i5. 3iBy — ba^^ + A 
8. Divide 40a8»* + 8a*»' — 32a*J*c* by 8a*5*. 

^7W. 5a* + »3 — id*. 

DIVISION OF POLYNOMIALS. 

M. 1. Divide — 2a + Ca* - 8 by 2 -f 2a. 

Dividend. Diviaor. 
6a2 — 2a — 8 | 2a + 2 
6a^ + 6a 3a — 4 Quotient. 

— 8a — 8 

— 8a — 8 

Remainder. 

We first arrange the dividend and divisor with reference 
to a (Art. 44), placing the divisor on the left of the dividend. 
Divide the first term of the dividend by the first term of 
the divisor ; the resnlt will be the first term of the quotient, 
which, for convenience, we place under the divisor. The 
product of the divisor by this term (Ba^ + 6a), being sub- 
tracted from the dividend, leaves a new dividend, which may 
be treated in the same way as the original one, and so on to 
the end of the operation. 

02. What is the rule for diriding one polynomial by another f Whan 
Is tha division exact ? Wlien is it not exact f 
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Since all similar cases may be treated in the same way, we 
have, for the division of polynomials, the folloVing 

RULE. 

L Arrange the dividend and divisor with reference to t?i6 
tame letter: 

IL Divide the first term of the dividend by thefi/rst term 
of the divisor^ for the first term of the quotient. Multiply 
tJie divisor by this term of the quotient^ and subtract the 
product from the dividend: 

in. Divide the first term of the remainder by the first 
term of the divisor^ for the second term of the qiu>tient. 
Multiply the divisor by this term^ and subtract the product 
from the first remainder^ and so on: 

IV, Continue the operation^ until a remainder is found 
eqical to 0, or one whose first term is not divisible by that 
of the divisor. 

Note. — 1. When a remainder is found equal to 0, the 
division is exact. 

2. When a remainder is found whose first term is not 
divisible by the first term of the divisor, the exact division 
is impossible. In that case, write the last remainder after 
the quotient found, placing the divisor under it, in the form 
of a fraction. 

SECOND EXAMPLE. 

Let it be required to divide 
51a^b^+ 10a* - 4Sa^b - 16^*+ 4aJ^ by 4ab — 6a« + 3J*. 

Wo first arrange the dividend and divisor with reference 
to a. 
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Dividend. Divisor. 



4 lOo*— Sa^b — 6a2»2 



I - 6ai+ 4aft + 3fta 



— 40a3» + B2a^^+24c^ 

25aW—20ab^-'l5b* 
26a2&2-20aJ3-16ft* 

(8.) 

«* + a^y + afy + «y* — 2y i a; + y 
g* 4- ag^y [053+ ay 

+ 05^ + «y' 



2a2+ Soft — 6^ 



X + ff 



-2y 

Here the division is not exact, and the quotient is fra<y 
tionaL 

(4.) 
1 + at 1 — a 



1 - a | 1 + 2a + 2a» + 2a3 + , &c. 

4- 2a 

+ 2a — 2a» 

+ 2a» 

+ 2a^ — 2a^ 
+ 2a3 

In this example the operation does not terminate* It may 
be continued to any extent. 

BXAMPLB8. 

1. Divide a* 4- 2a« + ai* by a 4- «. -4^* « + «• 

2. Divide a' — Sa^ + 3ay» — y' by a - y. 

Ans. a» — 2ay + 1^. 

«_ - ■ ' Digitized DyVjOOQlC 



74 ELEMENTARY ALGEBRA. 

8. Divide 24a2J — \2a^ct^ — Qah by - (Sah. 

Ans. — 4a -f 2a^cb + 1. 
4. Divide 6a5* — 96 by 3a5 — 6. 

-4715. 27? -{■ ^x^+ Qx+ 16. 

6. Divide a* — 6a*aj + lOa^a^ — lOa^a^s + 5flK»* — «» 

by a^ — 2005 + x\ Ana. a^ — Sa^aj + Zax^ — aj^. 

6. Divide 48a53 — 76aaj2 — 64a2a; + 105a3 by 2x — 3a. 

Ans. 24a;2 — 2ax — S5a\ 

1 Divide y« — 8y*a;2 + s^/^a* — ajs by y^ — Sy^a; + 

Byx^ — a?. Ans. y^ + Zy^ + 3yaj2 ^_ r^a^ 

8. Divide 64a*i« - 2baW by 8a«*3 + Soft*. 

Ans. 8a2ft3 — 5aJ*. 

9. Divide Qa^-^-^Za^b + 22€ih^+h¥ by 3a2+4aJ+52. 

-4/w. 2a + bb. 

10. Divide Qaa? + 60052^® + 42a^* by aa + box. 

Ans. 85® + xfi/^ + 7aa5. 

11. Divide - 15a* + Zla^bd - 29aV- ^OJ^c?^ + 445c<5r 
— 8cy^ by 3a2 - 55rf + </. -4n*. - Sa^ + ^bd - %cf. 

12. Divide a5* + ar^y^ ^ y* ty 35^ — ajy + y». 

-4/w. 05^ + asy + y^ 

13. Divide 9^ ^ 'i^ by x — y. 

Ans. 7? + Q^ + xy^ + y^. 

14. Divide 8a*-- 8a2J2+ 3aV+ 5J*- 3JV by a*— b\ 

Ans. 3a3 — 6^2 + 3^2^ 
16. Divide 6aj« - 6a5»y2 - 6a5*y*+ 6a53y2+ isa^ys^ 9^2y4 
+ 10a;V + 15y« by 3a53 + 205^ + 3y». 

Ans. 2353 - 335^^* + by^. 

16. Divide — c»+ lea^ai^— 7a*c — 4a25a5 - Qa^V^+ 6aex 
Dy 8aa5 — 6aft — c. Ans. 2ax + ab + c 

17. Divide 8a5*'+ 4a!3y - 4a5« - 4a52y3 + 16a5y - 15 by 
8aiy + a8» — 8. ^n«. Sas^ — 2a^ + 5. 
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18. Divide aj* + 32y* by a? + 2y. 

Ans. aj* — 2a^ + 4x^^ — Qxy^ + 16y*. 

19. Divide 3a* — 2Qa^b — Uab^ + SYa^J^ by 2J2 - Bob 
+ 8a^. -4n«. a^ — 7aft. 

20. Divide a* - 6* by a^ + a^b + ab^ + b\ 

Ans. a — ft. 

21. Divide a? — Saj^y + y3 ^y x + y. 

34/3 

^ aj + y 
82. Divide 1 + 2a by 1 ^ a — a\ 
V 5^ .4n^. 1 + 3a + 4a* + 7a^ + , &c. 
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CHAPTER EL 

UBEFUl FOBMULAS. FACTOBING. GBEATEST COMMON DIVISOB. 
liBAST COMMON MUXTIPLB. 

USEFUL FORMULAS. 

58. A FoBMULA is an algebraic expression of a general 
rule, or principle. 

Formulas serve to shorten algebraic operations, and are 
also of much use in the operation of factoring. When trans- 
lated into common language, they give rise to practical rules. 

The verification of the following formulas affords addi- 
tional exercises in Multiplication and Division. 

(1.) 

54. To form the square of a + 6, we have, 

(a + by = (a + b){a + b) =: a'+2ab + b\ 

That is, 

T?ie sgua/re of the sum of any two qttantities is equal to 
tlie square of the firsts plus twice the product of the first by 
the second^ plus the sqttare of the second. 

1. Find the square of 2a + 35. We have from the rule, 
(2a + 3J)2 =/4a2 + 12ab + 9b\ 

58. What is a formula? What are the uses of formulas ? 

64. What is the square of the sum of two quantities equal to ? 
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2. Find the square of 5db + Sac. _ 

Ans. 2haW + SOa^Jc + Oa^A 
8. Find the square of Sa^ + 8a*J. 

Ans. 26a* + 80a** 4 64a*^. 
4. Find the square of 6aaj + 9a^. 

Am. 36a2iB2 + 108a3iB5 + 81a*aj*. 

(2.) -'^ 

55. To form the square of a difference, a — ft, we have, 

(a - hy = (a - *) (a - ft) = a* - 2aft + ft^. 
That is, 

The square of the difference of any two quantities is 
equal to the square of the firsts minus twice theproditct of 
the first by the second^ plus the square of the second. 

1. Find the square of 2a — ft. We have, 

(2a — ft)2 = 4a2 - 4aft + ft^. 

2. Find the square of 4ac — he 

Ans. 16aV — 8aftc2 + ft^^j*. 
8. Find the square of Ya^fta — I2aft3. 

Ans. 49a*ft* - IBSa^ft* + 144aW 

/>"=-\'^.i>'' (3.) 

^ 56. Multiply a + ft by a — ft. We have, 

(a + ft) X (a - ft) = a2 — ft*. Hence, 

The sum of two quantities^ mtUtiplied by their difference^ 
is eqical to the difference of their squares. 

1. Multiply 2c + ft by 2c — ft. Ans. 4c2 — ft». 

2. Multiply 9ac + 3ftc by 9ac — 3ftc. 

Ans. 81aV - 9ft2c^ 

66. What is the square of the difTerence of two quantities equal to ? 
66. VtThat is the sun of two quantities multiplied by their difference 
equal to ? 



^ '/ : 
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8. Multiply 8a3 + Yaft^ by Sa^ - 1ab\ 

Am. 64a« — 49a*b 

57. Multiply a^ + ab + b^ hj a — b. We have, 
{a^ + ab + b^) (a - *) = a^ - J3, 

(5.) 
5§. Multiply a* — oft + J* by a + ft. We have, 
(a2 - aft + ft2) (a + ft) = a3 + ft^. 

(«.) 
99. Multiply together, a + ft> a — ft, and a^ + ft*. 
We have, v 

(a + ft) (a - ft) (a2 + J2) ^ ^4 _ ji. v. 

60. Since every product is divisible by any of its factors, 
each formula establishes the principle set opposite its numbel*. 

1. The sum of the squares of any two quantities^ plus 
twice thsir product^ is divisible by their sum, 

2. The sum of the squares of any two qtiantities^ minus 
twice their product^ is divisible by the difference of the 
quantities, 

8* The difference of the squares of any two quantities 
is divisible by the sum of the quantities^ and also by their 
difference, 

4« Th^ difference of the cubes of any two quantities is 
divisible by the difference of the quantities; alsoy by the 
sum of their squares^ plus their pyroduct, 

5« The sum of the cubes of any two quantities is divisu 

60. By what is any product divisible ? By applying this principle, what 
follows from Formula (1)? What from (2)? What from (3)? What from 
(4)» What from (6)? Wl at from (6)? 
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hUbythe mm of the quantities ; aiso^ by tlie mm of their 
squares minus their product. 

6. The dij^erence between the fourth powers of any two 
quantities is divisible by the iam of the quantities^ by their 
difference^ by the sum of their sqtcares^ and by the dif- 
ference of their squares, ^^ 



FAOTOEIN0. 

61« Factoring is the operation of resolving a quantity 
into &ctors. The principles employed are the converse of 
those of Multiplication. The operations of &ctoring are 
performed by inspection. 

1. What are the fectors of the polynomial 

ac + ab + ad. 

We see, by inspection, that a is a common factor of all 
the terms ; hence, it may be placed without a parenthesis, 
and the other parts within ; thus : 

ac -^ ab + ad = ^c + b -{- d). 

2. Find the fectors of the polynomial a^^ + a^d — a^. 

A91S. a^{b^+ d-f). 
8. Fmd tne fectors of the polynomial Sa^b — Qa^b^ + b^d. 

Ans. b{Sa^ - ea^b + bd). 
4. Find the fectors of Za^b — ^aH — IQa^oty. 

Ans. Za^{b — 3c — 6ajy). 

6. Find the fectors of Sa^caj — l%aca^ + 2ac*y — 30a^c®. 

Ans. 2ac{^ax — 9ar* + c*y — 15a*c®). 

6. Factor ZOO^b^c - Qa^b^d^ + ISa^JV. 

A71S. 6a^b^{5ac - rf ^ + Sc^). 

7. Factor I2c*bd^ — Uc^d* — Qc^dy. 

Ans. Zc^d\4:c^b — bed - 7f). 

61. What is factoring f 
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8. Factor ISa^ftc/- 10a»c* - 25abccL 

Am. 5abc{3aY — 2c3 - 5d). 

69. When two terms of a trinomial are squares, and 
positive, and the third term is equal to twice the product of 
their square roots, the trinomial may be resolved into factors 
by Formula (1). 

1. Factor a^ + 2ab + V^. Am. {a + b) {a + h). 

2. Factor ^a^ + \2db + Oft*. 

Am. (2a + 3ft) (2a + 3ft). 

8. Factor Oa* + 12aft + ^b\ 

Am. (3a + 2ft) (3a + 2ft). 

4. Factor ^x^ + ^x + 4. Am. {2x + 2) {2x + 2). 

6. Factor Oa^ft* + 12aftc + ^c^. 

Am. (Sab + 2c) {Bab + 2c). 
6. Factor Ua^y^ + ICicy^ + 4^4, 

Am. (4a5y + 2y2) (4a^ + 2y^). 

68* When two terms of a trinomial are squares, and 
positive, and the third term is equal to mintis twice their 
square roots, the trinomial may be factored by Formula 

1. Factor a* — 2aft + ft*. Am. {a - ft) (a — ft). 

2. Factor 4a^ — 4aft + ft*. Am. (2a — ft) (2a — ft). 

8. Factor 9a* — 6ac + c*. Ans. (3a — c) (3a — c). 

4. Factor a*aj* — 4aaj + 4. Am. (ax — 2) (a« — 2). 

6. Factor 4ai* — 4a5y + y'. Am. (2x — y) (2x — y). 
■ — > * 

62. When may a trinomial be factored ? 
68. When may a trinomial be factored by this method t 
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6. Factor ZQx^ — 24a5y + 4y2. 

' Am. {Qx — 2y) {Qx — 2y). 

64« When the two terms of a binomial are squares and 
have contrary signs, the binomial may be &ctored by 
Formula (3). 

1. Factor .4(J* - b\ Am. (2c + *) (2c — b) 

2. Factor Qla^c^ - 9b^c\ 

Am. {9ac + 35c) (9ac — 35c). 

8. Factor Ua^b^ - 25a^y\ 

Am. (8a2J2 + 5xy) (Sa^b^ - Say). 

• 4. Factor 25a^c^ — 9a5*y2. 

Ans. {5ac + Saj^y) (5ac — Bo^y). 

5. Factor 36a***c2 - Oa^. 

Am. {eaWc + 3053) (ea^ft^c - 3a;»). 

6. Factor 49fl5* - 86y*. -4n«. {W + 6y2) (7a;2 — 6y»). 

6ft. When the two terms of a binomial are cubes, and 
have contrary signs, the binomial may be fectored by 
Formula (4L\ 

1. Factor Sa^ — c^. Am. (2a — c) {4a^ + 2ac -f c^). 

2. Factor 27a3 — 64. 

-4n5. (3a — 4) (9a^ + 12a + 16). 

3. Factor a^ - 64J3. 

Am. (a - 45) (a^ + 4a5 + 1652). 

4. Factor ^a^ — 2753. J[n«. (a — 35) (a^ + 3a5 + 

. 64. When may a binomial be &ctored ? 
65. When may a binomial be fictored by this method? 
4* 
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66. When the terms of a binomial are cubes and have 
like signs, the binomial may be fectored by Formula ( ft ). 

1. Factor 8a^ + c^. Am. (2a + c) (4a« — 2ac + c^). 

2. Factor 2la^ + 64. 

Ans. (8a + 4) (Oa^ - 12a + 16). 

a. Factor a^ + Q4b\ 

Ans. (a + 4J) (a» - 4a6 + 16^). 

4. Factor a« + 21V. Am. (a + 8J) (a» - Soft + 9J2). 

67. When the terms of a binomial are 4th powers, and 
have contrary signs, the binomial may be &ctored by 
Formula (6).^ 

1. What are the factors of a* — ^? 

Am. (a + J) (a - b) (a* + »«). 

2. What are the factors of 81a* - 165* ? 

Am. (3a + 2b) (3a — 2b) {9a^ + 45»). 

8. What are the factors of 16a*** - 81c*rf*? 

Am. {2ab + Bed) {2ab - Bed) {ic^b^ + 9c»df»). 



GBEATE8T COMMON DIVISOB. 

6§. A Common Divisor of two quantities, is a quantity 
that will divide them both without a remainder. Thus, 
Ba^by is a common divisor of 9a^b^c and Ba^b^ — Qa^b\ 

• , 

66. When may a binomial be factored by this method? 

67. When may a binomial be foctored by this methodf 

68. What is thie common divisor of two quanUties ? 
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69. A Simple or Pbimb Factor is one that cannot be 
lesolved into any other fiictors. 

Every prime factor, common to two quantities, is a com- 
mon divisor of those quantities. The continued product of 
any number of prime iSictors, common to two quantities, is 
also a common divisor of those quantities. 

70. The Greatest Common Divisor of two quantities, 
is the continued product of all the prime factors which are 
common to both. 

71. When both quantities can be resolved into prime 
&ctors, by the method of fectoring already given, the .great- 
est common divisor may be found by the following 

RULE. 

L Hesolve both quantities into their prime factors : 
n. Find the continued product ofaU the factors which 
are common to both / it will he the greatest common divi- 
sor required, 

EXAMPLES. 

1. Required the greatest common divisor of *lhd?'h^c and 
25a5(7. Factoring, we have, 

*lhd^h^c = 3 X 5 X tiaalhc 
25abd = 6 X 5abd, 

The fiictors, 6, 6, a and J, are common; hence, 

6x5xaxJ = 25a&, 

is the divisor sought. 

69. What is a simple or prime factor ? Is a prime factor, common to 
two quantities, a common divisor ? 

•70. What is the greatest common divisor ? 

71. If both quaiitities can be resolved into prime factors, how do you 
find the greatest common divisor? 



Digitized by VjOOQ IC 



M BLEMEKTABT ALGEBRA 



VERIFICATION. 

75a2J2c -f- 25aft r= Zabc 
26abd -4- 26a J = d; 

and since the quotients have no common &ctor, they cannot 
be further divided. 

2. Required the greatest common divisor of a^ -- 2ab + 
^ and a^ ~ b\ Am. a - b. 

3. Required the greatest common divisor of a^ + 2ab + 
' V^ and a -\- b. Ans. a + b. 

4. Required the greatest common divisor of a^x^ — 4aaj 
+- 4 and oa — 2. -47i5. oaj — 2. 

5. Find the greatest common divisor of Ba^b — 9a^c 
• - ISa^xy and ^c — Sbc^ — B^cay. -4n«. 5 — 3c — Gajy. 

6. Find the greatest common divisor of 4a^c — 4acx and 
SaV - - Sagx. Ans. a{a — «), or a* — aaj. 

7. Find the greatest common divisor of 4c^ -- 12ca; + 9a5* 
and 4c* — 9x^. Ans. 2c — 3aj. 

8. Find the greatest common divisor of a^ — y^ and 
as* — y*. ^n«. aj — y. 

9. Find the greatest common divisor of 4c* + 4Jc + b^ 
and 4c* — 5*. Ans, 2c + b. 

10. Find the greatest common divisor of 26a*c* — 9a5*y* 
and C^acd^ + 3d^y\ Ans. 5ac + Bxh/\ 

Note. — ^To find the greatest common divisor of three 
quantities. First find the greatest common divisor of two 
of them, and then the greatest common divisor between this 
result and the third. 

1. What is the greatest common divisor of 4cKB*y, 16a&B*, 
and 24a<jaj* ? Ans. 4aa5*. 

2. Of 3ar^— 6a^ 2a53~ 4ai*, and xJ:/— 2ajy ? Ans. a;*— 2a5. 

12. When is one quantity a multiple of another f 
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LEAST COMMON MULTIPLE. 

72. One quantity is a multiple of another, when it can 
be divided by that other without a remainder. Thus, Sa^J, 
is a multiple of 8, also of a^ and of b. * 

78. A quantity is a Common Multiple of two or more 
quantities, when it can be divided by each, separately, with- 
out a remainder. Thus, 24a^Qi^^ is a common multiple of 
6ttx and 4a^a;. 

74. The Least Common Multiple of two or more quan- 
tities, is the simplest quantity that can be divided by each, 
without a remainder. Thus, 12a'^b^x\ is the least common 
multiple of 2a^Xy ^db\ and ^d^H^x^, 

75. Since the common multiple is a dividend of each of 
the quantities, and since the division is exact, the common 
multiple must contain every prime factbr in all the quanti- 
ties ; and if the same factor enters more than once, it must 
enter an equal number of times into the common multiple. 

When the given quantities can be factored, by any of the 
methods already given, the least common multiple may bo 
found by the following 

bule. 

I. Resolve ecuih of the quantities into its prims factors • 
n. Take each factor as m>any times as it enters any one 
of the quantities^ and form the continued product of these 
factors ; it wiU he the least common multiple. 

78. When is a quantity a common multiple of several others ? 
74. What is the least common multiple of two or more quantities ? 
76. What does the common multiple of two or more quantities contain, 
as factors^ Row may the least common multiple be found ? 

* The muUipU oi * quantttj, la liinplj « cUvid&nd which will give an exact quotleni 
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-"•:.- v.\^ , ■ . ' 

EXAMPLES. 

1. Find the least common multiple of 12a^b^c^ and ^aW. 

12a3J2c2 = ^,2.Z.aadbhcc. -. 
8a2ft3 =3 2.2.2.aa*M. 

Now, since 2 enters 3 times as a factor, it mast enter 3 
times in the common multiple: 3 must enter once; a, 3 
times ; J, 3 times ; and c, twice ; hence, 

2.2.2.3a^a5Wcc = 24a3J3^, 

is the least common multiple. 

Find the least common multiples of theibllowing : 

2. 6a, Sa^J, and 25aftc^. Am. ISOa^Jc*. 

3. Za^b, 9abc^ and 2la^x\ Am. 2la^bcx^. 

4. 4ahi^i/\ Sa^ajy, 16aV> and 24aya5. -4m. 4tQa^Q^y\ 

5. ax — bx^ ay -- by^ and ajy. 

-4/w. (a — b)x4c.yy = oaj^y* — ftaj^y^, 

6. a + ^ a« — *% and a^ + 2a5 + 5^ 

Am. (a + 5)2 (a — b). 
1. ZaW, 9ah^, 18aV> Sa^y\ Am. lSa*b^y\ 

8. 8a»(a ^ 6), 16a»(a - b)% and 12a3(a2 — ft^). 

Am. 120a*(a - ft)« (a + b). 

\ 
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CHAPTER IV. 

FBACTIONS. 

76* If the miit 1 be divided iato any number of equal 

parts, each part is called a fra^ctional unit. Thus, ^j -, 

11 .* . ^ ^ 

;- , 7 , are fractional units. 

10 

77. A pBAcnoN is a fractional unit, or a collection of 
fractional units. Thus, o > 7 » s » T » ^^® fractions. 

78. Every fraction is composed of two parts, the De- 
nominator and Numerator. The Denominator shows into 
how many equal parts the unit 1 is divided ; and the Ifu- 
merator how many of these parts are taken. Thus, in the 

fraction ^ , the denominator ft, shows that 1 is divided into 

b equal parts, and the numerator a, shows that a of these 
parts are taken. The fractional unit, in all cases, is equal to 
the reciprocal of the denominator. 

'76. If 1 be divided into any number of equal parts, what is each part 
called? 

77. What is a fraction ? 

78. Of how many parts is any fraction composed? What are they 
called? What does the denominator show? What the numerator? 
What is the fractional unit equal to ? 
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■ 79. An Entire Quantity is one which contains no 
fractional part. Thus, 7, 11, a^x^ 4x^ — 3y, are entire 
quantities. 
An entire quantity may be regarded as a fraction whose 

denominator is 1. Thus, 7 = -, aft = — • 

SO. A Mixed Quantity is a quantity containing both 

bx 

entire and fractional parts. Thus, 1^ , 8^ , a H , are 

c 

mixed quantities. 

81. Let J- denote any fraction, and q any quantity 

whatever. From the preceding definitions, ^ denotes that 

T is taken a times; also, -^ denotes that ■=■ is taken 
: o 

aq times ; that is, 

f = fxy; hence, ,^<^"> ^ . 

Multiplying the numerator of a fraction bp any quank 
tity^ is equivalent to mvltiplyihg the fraiJSon by that 
quantity. 

We see, also, that any quantity may be multiplied by a 
fraction^ by muUiplying it by the num^erator^ and tJien 
dividing the result by the denominator, 

82. It is a principle of Division, that the same result will 
be obtained if we divide the quantity a by the product 
of two factors, p x q^ bs would be obtained by dividing it 

79. What is an entire quantity f When may it be regarded as a frao 
tion ? 

80. What is a mixed quantity ? 

81. How may a firaction be multiplied by any quantity ? 
82 How may a fraction be divided by any quantity ? 
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first by one of the fectors, jt>, and then dividing that result 
by the other factor, q. That is, 

^ = (|) -^ q; or, ± = (|) ^ p; hence, 

Multiplying the denominator of a fraction by any guaih- 
tityj is equivalent to dividing the fraction by that quantity. 

83. Since the operations of Multiplication and Division 
are the converse of each other, it foUows, from the preced- 
ing principles, that, 

Dividing the numerator of a fraction by any qiumtity^ 
is equivalent to dividing the fraction by that quantity / 
and. 

Dividing the d&nomirwLtor of a fraction by any quantity^ 
is equivalent to multiplying the fraction by that quantity. 

84* Smce a quantity may be multiplied, and the result 
divided by the same quantity, without altering the value, 
it follows that. 

Both terms of a fraction m<iy be multiplied by any quan- 
tity^ or both divided by any quantity^ withoiU changing the 
value of the fraction. 



TBANSFORMATION OF FBACTIONS. 

' 85. The transformation of a quantity, is the operation 
of changing its form, without altering its value. The term 
reduce has a technical signification, and means, to Trans* 
form. 

83. What follows from the preceding principles ? 

84. What operations may be performed without altering the value of 
a fraction ? 

85. What is the transformation of a quantity? 
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FIRST TRANSFORMATION. 

To reduce an entire quantity to a fractional form having a 
given denominator, 

86» Let a be the quantity, and b the given denomi- 
nator. We have, evidentlv, a = -^ ; hence, the 

BULB. 

Multiply the quantity by the given denominator^ and 
write the product over this given denominator. 

SECOND TRANSFORMATION. 

To reduce a fraction to its lowest terms, 

89^. A firaction is in its lowest terms^ when the numerator 
and denominator contain no common factors. 

It has been shown, that both terms of a fraction may be 
divided by the same quantity, without altering its value. 
Hence, if they have any common factors, we may strike 
them out. 

RULE. 

Hesolve each term of ths fr<zction into its prime fa/> 
tors; then strike out aU that are common to both. 

The same result is attained by divitling^ both terms of thfe 
fraction by any quantity that will divide them, without a 
remainder ; or, by dividing them by their greatest common 
divisor. 



86. How do you reduce an entire quantity to a fi*actional form having 
a given denominator ? 

87. How do you reduce a fraction to its lowest terms ? 



Digitized by VjOOQ IC 



TBAN8FOBMATION OF FKAOTION8. 91 

EXAMPLES. ^ 

1. Reduce — — ^ ta its lowest tenna. 
2oaca 

„ ^ . ' 15aV S,5aacc 

^*"*°™«' 25^ = 6:5^5 

Canceling the common Victors, 5, a, and c, we haTOi 

15aV _ 3a£^ 
26ac<:? ~' 5d 

2. Reduce t^Tt:^^' ^^* ;rT 

J T* 3 oJb '•^ ac A (^ 

4, Reduce -7 • Ana. - = a. 

5 — c 1 

6. Reduce r ; — • Ana. — -—• 

n^-^ 1 . n + 1 

6, Reduce -^j r ; — «• Ana. 



7? — 2aa; + a* ' « — a 

V. Reduce — t^-oTt- • -^«* — r = — 8. 

„ ^ 24ft* — 8606* . 4ft - 6a 

8. Reduce .^ .., ^- -j,^ « ^7i«. 



48a*ft* — 66a*ft« * 8a* — lla^ft^ 

^T>j a«— ft2 .a + ft 

9. Reduce -5 , , , ,a » -4ntf. r* 

aj — 2aft 4- ft^ a — ft 

,^•0:3 5a3 - lOa^ft + 5aft2 . 6(a - ft) 

10. Reduce --, r-rr • Ana. -^ '-• 

Sa^ — 8a2ft 8a 

^ . 3a2 4- 6a2ft2 14. 2ft2 

11. Reduce ,^ ^ . ^ ^ » ' -a/w. , „ . ^ — :• 

12a* + 6aV 4a2 + 2ac» 

12. Reduce -^^^r^y- ^n,. 3^^-^. 
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THIRD TRANSFORMATION. 

To reduce a fraction to a fnixed quoMity. 

88. When aiiy term \)f the numerator is divisible by any 
term of the denominator, the transformation can be effected 
by Division. 

RULE. 

Perform the indicated division^ continuing the operation 
as far as possible ; then torite tJie remainder over the deno- 
minatory and annex the result to the quotient found. 



EXAMPLES. 



1. Bedace 

2. Reduce 

3. Reduce 

4. Reduce 



ax ^ a 



t2 





X 




ax 


— 


7? 




X 




ab 


— 


.2a» 




b 




a^ 


— 


aj2 



a— X 



Ans. { 


% - 


X 


Ans. 


a 


— as. 


Ans. a 


— 


2a« 
b * 


Ans. 


a 


+ X. 



6. Reduce ^« An^. aj* + ajy + y». 

X — y 

6. Reduce = • Ans. 2a5 — 1 + t-* 

DCB bX 

^ « , 8605* — ^205 + 82aW . ^ 82a^ 

7. Reduce ^^=- T, . . 4fl? - 8 + ^^. 

vX " 

^ ,5 , 18ac/ — ^bdcf — 2a€? 6o 2Jc 2 

8. Reduce ^ — s~:j^ • • t r^' 

..•Dj aj»+a5 — 4 . , 2 

9. Reduce --— — • Ans. aj — 1 — 



aj 4- 2 35 + 2 

88. How do yon reduce a fractioa to a mixed quantitj T 
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10. Reduce — ~-r- • Ana. a — 6 + 



a 4- ft ' a +b 

11. Reduce • Ana. x + 1 + 



05 — 4 



FOTJBTH TRANSFORMATION. 

To reduce a mixed quantity to a fractional form. 

89. This transformation is the converse of the preced- 
ing, and may be effected by the following 

RULE. 

Multiply the entire part by ths denominator of the frac- 
tion^ and add to the product the numerator ; torite the reault 
over the denominator of the fraction. 

EXAMPLES. 

1. Reduce 6| to the form of a fraction. 
6 X 7 =^ 42; 42 + 1 = 43; hence, 6^ =^ y. 
Reduce the following to fi<ictional forms : 

a^-^x^ _ ay^ — (g^ — ay^) j^^ 2x^ — a^ 

X 

ax -^ x^ 



2. 05 — 

X X 



3. 05 — 

4. 6 + 

5. 1 - 



2a 

2x — 1 

• — • 

305 

05 — a — 1 
a 



xx:ivi. 


05 


Ana. 


005 — 052 


2a 


Ana. 


1705-7 


3oj 


2a 


— 05+1 




a 


10a5» +405 + 8 



05—3 , 

«. 1 + 205 — . Ana. 

hx 505 

S9. How do yon reduce a mixed quantity to a fractional form? 
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*, « . r 3c + 4 . 16a + 8J - 3(5 - 4 

7. 2a + o r — • Ans. • 

8 o 

« ^ . t ^«^ — «^ ^ l^dhi + Soft 

8, 6aaj + h ; Ana, -r- • 

4a 4a 

8 4- ^a^b^ 

12ato* 

96a*aj* + SOa^ft^^ji _ g 



&. 8 + 3aft — 



^71^. 



12a5aji 



EXFTH TBANBPOBMATION. 



To reduce fractiona having different denominators^ to equi- 
valent fractions having tJie least common denominator. 

90. This traDsformation is effected by finding the least 
common multiple of the denomiilators. 

1 q R 

1. Reduce -, -, and --, to their least common denomi- 
nators. 

The least common multiple of the deno^iinators is 12, 
which is also the least common denominator of the required 
fractions. If each fraction be multiplied by 1 2, and the result 
divided by 12, the values of the fractions will not be changed. 

- X 12 =r 4, 1st new numerator; 

3 

J X 12 = 0, 2d new numerator; 

~ X 12 = 6, 3rd new numerator; hence, 
12 

-—, -—, and r— are the new equivalent fractions. 

90. How do yon reduce fractions having different denominators, to equi 
Talent fractions having the least conunon denominator ? When the no 
meratort hare no co*mnon fkctor, how do joa reduce them ? 
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RULB. 

L Mnd the least common multijple of the denominators : 
n. MvUijply each fraction by it^ and cancel the denom^ 

inator : 
nr. Write ea/ih product over the common multiple^ and 

the results mil he the required fractions, 

GENERAL RULB. 

Multiply each numerator by aU the denominators excqf>t 
its otrniy for ths new numeroitors^ and all the denominators 
together for a common denominator. 

EXAMPLES. 

a c 

1. Reduce -= ^ and — — -= to their least common" 

a^ "l^^ a + b 

denominator. 

The least common multiple of the denominators is (a + &) 
(a -J): 

^^3 X (a + J) (a - J) = a 

/» 

X (a + J) (a — S) = c{a — b\ hence, 



a + b 

(a + b)\a - b) ^* (a tl)[a^- h) ^ ^^ *^^ ^^^^^* 
fractions. 

Reduce the following to their least common denominators : 

^ 8a5 4 , 12a5» -^ , 46aj 40 48a^ 

2. -- , - , and —t- • Ans. — — , r- , --— - 
4 ' 6' 16 60 ' 60' 60 

3*2 5^3 12a 9*2 ioc3 

3. a. — • and — • Ans. — • — - • 



4 ' 6 12 ' 12 ' 12 

3aj 2J - - . 9«B 4a6 Qacd 

2a* 8c' 6ac' 6ac' 6ac 
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3 2aj 2x . 9a Sax I2a^ + 24a5 

^^ ^(1 - ^y ^11^ and— ^— . 

. c c — ft , c 

7. -z- y , and — --^ • 

5a c a + 

ac^ + ftc^ sa^o - 5a^ + 5a»c -^ 5ab^ 5ac^ 

ia^c + babe' 5a^c + babe ' ba'^c + 6afc' 

8. , — ; — , and — ; — • 

a — X a + X a + X 

cx{ a + x) ^(o-aj) Q^{a - x) 



ADDinOlSr OF FBAOnONS. 

•1, Fractions can only be added when they have a com- 
mon unit, that is, when they have a conamon denominator. 
In that case, the sum of the nmnerators will indicate how 
many times that unit is taken in the entire collection. 
Hence, the 

BULE. 

L Beduce the fractions to be addedj to a common denom- 
inator : 

n. Add the numerators together for a new numerator^ 
and torite the sum over the common denominator. 

EXAMPLES. 

6 4 2 

1. Add z, o» ^^ K> together. 

91. What is the rule for adding fractions ? , 

\ 
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By reduomg to a common denominator, we havei 

6 X 3 X 5 = 90, 1st numerator. 

4 X 2 X 6 = 40, 2d nmnerator. 

2 X 3 X 2 = 12, Sd nmnerator. 

2 X 3 X 5 = 30, the denominator. 

Hence, the expresdon for the smn of the fractionB becomes 

90 40 12 _ 142^ 

30 "*■ 30 "^30 " 30 ' 

which, being reduced to the simplest form, gives 4^^. * 

2. Find the sum of ?> -^« and -:;• 
ft rf / 

Here, a x d x f => cudf \ 

c xh X f ^ chf \ the new numerators. 

e X b X cl ^ ebd ) 
and b X d xf =z bdf the common denominator. 

TTor,.. <^^f ji^f A. ^^ adf+cbf+ebd .^^ ^^ 

Add the following : 
3. a — r- , and b H • Ana. a + b + 



. X X . X , , X 

4- — • — . and — • Ans, x A 

2 * 3 ' 4 12 

. 05 — 2 ., 4aj . 19aj — 14 

5. — - — and — • Ans, 



3 1 21 

. « — 2 , ^ , 205 — 3 . ., 1005 — 17 

6. 05 H — and 305 H — • Arts. 4fl5H r-r — 

3 4 liB 

7. 405, -— , and — -! — • Ana. 4x H 

^ 2a' 205 2005 

^ 2o5 705 ,205+1 . ^ . 4905 + 12 

8. — , — , and — - — • Ana. 2x + 



8 » 4 • 6 ^ 60 

7a$ . X 44aE 

— , and 2 4— ^n«. 2 + 405 + -j^- 
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10. 805 + — and a? — -r-. -4n«. 3aj + -— 

6 9 45 

11. oo — ;r- and 1 — •^• 

oa a 

. , , 6bd + 8ac 

^'^ + <^ 8^5— 

8 3 4 

. 4a?-6x + 4 
^"'- (« - ly 

18. . — \» 77i \j *^d j;7i 5\' -4n«. 



4(1 + a)' 4(1 - a) ' 2(1 •• a») 1 - a» 



SUBTRAOnON OF FRAOTIONB, 

9ft. Fractions can only be subtracted when they have 
the same unit; that is, a common denominator. In that 
case, the numerator of the niinuend, minus that of the sub- 
trahend, will indicate the number of times that the common 
unit is to be taken in the difference. Hence, the 

BULB. 

L Heduce the two fractions to a common denoml- 
incUor: 

XL T?im subtract the numerator of tfie stibtrahendfrom 
that of the minuend for a new num^erator^ and torite ths 
remainder over tJie common denominator. 

XZAMPLBS. 

3 2 

1. What is the difference between z and - - 

1 8 

^-? -?f_lf~15 — i.c Ans 
1 8 "" 66 66 "" 66 ■" 28' 

9%, What \b the rule for labtraotlsg fractions? 
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2. Find the dioerence of the fractions ^, and — - — • 

2b Be 

^"'^ \ {2a - 4 X 26 = 4a* - 8to f *« numerators, 
and, 26 X 3c = 6bc the common denominator. 

rr 3«B— 3ao 4ab—Sbx dcxSac—Aab+Sbx - 
Hence, — -r tt = rr ^ • Ana. 

8. Beqtiired the difference of -;-- and —- • Ana. — • 
^ '^ 6 35 

4. Required the difference of 5y and -^ • Ana. — ^ • 

8 8 

6. Reonired the difference of -t- and —-• Ana. -—- • 
^ 7 63 

6. Prom 5-i-^ subtract ^-^- Ana. ^^ > 

05 — y aJ + y x^ — y^ 

7.' From subtract -= r- Ana. ^-^ — ^^ • 

y — 2 y3-ga y2— 22 

Find the differences of the following : 

^ Zm+ a ,205+7 . 24a5 + 8a — IO&b — 356 

8. —-J— and — r — • Ana. 7-7 • 

56 8 406 

05 , 05 — a M C05 + 605 — ab 

9. 30? + Y and 05 Ana. 2x H : — 7 ' 

6 c 6c 

. ,^ . a — X . a + x , 4x 
10. a H — 7 — ; — r and -7 — ■ — : • Ana. a — 



a{a + x) a{a — 05) * a* — ac? 



MULTIPLIOATIOir OF. PRA0TION8. 

98« Let ^ and -^, represent any two fractions. It has 

been shown (Art. 81), that any quantity may be multiplied 

» 

98. What is the rule for the moltiplication of fractions? 
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by a fraction, by first multiplying by the numerator, and 
then dividing the result by the denominator. 

To multiply ■=■ by -^j ^^ first multiply by c, giving — 
then, we divide this result by dj which is done by multiply- 
ing the denominator by d; this gives for the product, ^; 

that is, 

a e ae . 

BULE. 

I. J^ there are mixed qtcantities^ redtice t?iem to a fra4>' 
UoncUform; then^ 

n. Multiply the numerators together for a neto nufnera^ 
tor^ and the denominators for a new denominator. 

EXAMPLES. 

1. Multiply a + — by -j- First, « H = 



a ^ d ' a a ' 

• a^ + bx c a^c + box . 

hence, — T — X ;^ = -^— • Ans. y 

a a act J 

Find the products of the following quantities : 

2. — , -— -, and -7-^ Ans. 9ax. 

a c 20 

oj;i*^ji« A aJb -{- bx 

8. -I and -• Ans. — ^ — • 

ax X 

^ and -r-; — • Ans. 



' be b + c b^c + 6c» 

5. aj H , and — --^- ^7i5. 5— — =, • 

a ' a -^ b a^ + db 

a , ax ^ a^ ' 7? ^ «' + a^ 

6. a H and — ; — r- • Ane. — =; — 7 • 
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7. Mmtiply r by — - — • 

We have, by the rple, 

2a a»- y _ 2a(a» - IP) _ 2a(a + J>) (a - h) 

a - ft ^ 3 - 3(a - J) "" 3(a - h) 

= 3-(« + »). 

After indicating the operation, we fectored both numera* 
tor and denominator, and then canceled the common factors, 
before performing the multiplication. This should he done^ 
Moh&mxmr there are common factors. 

8. -1- by t^^. Am. H^^il^?. 
aj — y "^ a a 

9. — ;; — by — -—• Ana. ^ ^ '-* 

3 -^ « + 2 3 

n. (^^ by ^^±J)t. Ane. tjzl. 

^2. ^1 ::^ by — ; — • Ans. • 

1 — a^ •'a-t-aj 1— aj 

13. X + '^^- by aj - -^^ ^n«. aj». 

, ^ 2a — ft - 6a — 2ft . ft — 3a 

15. „_y! by 5 + ?^. ^^. ^^ 
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DIVISION OF FRACTIONS. 

P 1 

94. Since - = ^ x - , it follows that, dividing by a 

quantity is equivalent to multiplying by its reciprocal But 

c d 

the reciprocal of a fraction, -^, is - (Art. 28) ; conse- 
quently, to divide any quantity by a fraction, we invert the 
terms of the divisor, and multiply by the resulting fraction. 
Hence, 

€t , c _^ a d ^ ad 

ft * rf "" ft c ~~ be 

Whence, the following rule for dividing one fraction by 
another : 

BULB. 

I. Hedtice mixed quantities to fractional forms : 
n. Invert the terms of the divisor^ and mvUiply thi 
dividend by the resuUing fraction. 

Note. — ^The same remaiks as were made on factoring 
and redticingy under the head of Multiplication, are appli* 
cable in Division. 

BXAMPLBS. 



1. Divide a — -- by - • 
2c ^ g 

ft 2ac ' 



2c 2o 

-_ ft / 2ac — ft fl^ 2acg ^bg . 

Hence, a — — -*- ^ = — X 5 = — i:^r^' ^^ 

^ 2e g 2c f 2cf 

94. What is the rule for the diviBion of fractions? 
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3. Divide ?^±i^ by ^^^. 



2(« + y) y g 



a 

2(0! + y) 



a (« + y) (« - y) 



a — y 



7sB 12 

8. Let -— be divided by ~ •- 

4. Let -r- be divided by bx. 

6. Let ; be divided by ~ • 

6. Let — ^ be divided by - • 

05—1 2 

7. Let ^ be divided by ^• 

«-^^* ^* bedividedby ^. 

Divide the following fractions: 

4a5» - 8aj , oj^ — 4 * 
9. ;; by — ^— • 



10. 



d 



aj2 - 25a5 + 62 



11. 2a5(a + J) by 



^ x^+ ix 
At? 



a + * 



12. ^^ by (^if . 
y SB— 1 

"• dc + te °^ 4(a+a!) 



. Olsr 
60 

A ^ 



Ans. 
Ana. 



x + 1 



4cX 
2 



35-1 



6*05 

Ans. —— 
2a 



Ana. 



X — b 



Ans. 



Q<?x 



4x 



Ans, X 4- 
Ans, 



05 + 2 
X 

(a + f>Y 



2x 



Ans. ^ — -— 



ilntf. 



4a{a^ - 05^) 
86(c2 - aj2) 
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14. by — ; — • An$. r« 

2ay . 



a + X 


2xy 


« + y 


6a- 2ft 



10 ai* by as —-• .4n«. » + 



as-y 



5 — 3a^6a — 2J . 2a — J 

"• -25r- •^y P3156- ^- -i5— 

Q^y ^ y X X 



18. m» + 1 -r ^ by m + i + 1. 



Ana. m -{ !• 

m 



/«jf^ «\ , /« + 2y___g_\ 

Vaj + y^y/ ^V y « + y/ '''^ 
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CHAPTER V. 

EQUATIONS OV THE FISST DE6SEB. 

95* An Equation is the expression of equality between 
two quantities. Thus, 

X z= b + Cj 

is an equation, expressing the fact that the quantity x^ if 
equal to the sum of the quantities b and c. 

96* Every equation is composed of two parts, connecte<'. 
by the sign of equality. These parts are called members : 
the part on the left of the sign of equality, is called the Jirst 
member ; that on the right, the second member. Thus, in 
the equation, 

aj + a = 5 — c, 

aj + a is the first member, and ft — c, the second member. 

9^. An equation of the ^r^^ degree is^ne which involves 
only the first power of the unknown quantity ; thus, 

6a5 + 3a; — 6 = 13 ; ( 1 ) 
and aa; + ftaj + o=rf;(2) 

are equations of the first degree. 

96. What is an equation? 

96. Of how many parts is every equation composed? How are the 
parts connected? What are the parts called? What is the part on the 
left called? The part on the right ? 

97. What is an equation of the first degree? 

6* 
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98* A NUMERICAL EQTTATiON is One in which the cooffi* 
cients of the unknown quantity are denoted by numbers. 

99* A LITERAL EQUATION is One in which the coefficientfl 
of the unknown quantity are denoted by letters. 

Equation ( 1 ) is a numerical equation ; Equation ( 2 ) is a 
literal equation. 

BQUATIONB OF THE FIRST DEGREE CONTAINING BUT ONE 
UNKNOWN QUANTITY. 

lOO* The Transformation of an equation, is the opersr 
tion of changing its form without destroying the equality 
of its members. 

101* An AzfOM is a self-evident proposition. 

109. The transformation of equations depends upon tho 
following axioms : ' 

1. ^ equal quantities he added to ^oth memberB of an 
equcUion^ the equality wiJl not he destroyed. 

2. If equal quantities he subtracted from hoth fnember$ 
of an equation^ the eqtcdlity wiU not he destroyed. 

3. If hoth members of an eqtcation he multiplied hy the 
same quantity^ the eqimlity toiU not he destroyed. 

4. Jf hoth members of an equation he divided hy the same 
quantity^ the equality toiU not he destroyed. -^ 

5. Idke powers of the two members of an equation are 
equal. 

6. LiJce roots of the two members of an equation are 
equal. 

t 98. What is a numerical equation ? 
99 What is a literal equation ? 

100. What is the transformation of an equation ? 

101. What is an axiom? 

102. Name the axioms on which the transformation of an eqoatioii 
depends. 
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108. Two principal transformations are employed in the 
solution of equations of the first degree : Clearing offrcuy 
HonSj and Transposing. 

CLBABmO OF FBACnONS. 

!• Take the equation, 

2x Sx X 

The least conkmon multiple of the denominators is 12. If 
we multiply both members of the equation by 12, each term 
will reduce to an entire form, giving, 

8aj — 9a5 + 205 = 132. 

Any equation may be reduced to entire terms in the same 
manner. 

IM* Hence for clearing of fractions, we have the fol- 
lowing 

SULB. 

I. Find the least common mtdtiple of the denominators : 
n. Multiply both members of the egriKxtion by it^ reduc- 
ing the fractional to entire terms, 

NoTB. — 1. The reduction will be effected, if we divide the 
least common multiple by each of the denominators, and 
then multiply the corresponding numerator, dropping the 
denominator. 

2. The transformation may be effected by multiplying 
each numerator into the product of all the denominators 
except its own, omitting denominators. 

108. How many transformations are employed in the solution, of eqiu^ 
tions of the first degree ? What are they ? 

104. Give the rule for clearing an equation of firaetions f In what three 
W9.y« may the reduction be «ff)Msted! 
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S. The transformation may also be effected, by multiplying 
both members of the eqwOion by any muUipU of the de- 
nominators. 

XXAHPLB8. 

dear the following equations of fractions: 

1. ? + I _ 4 = 3. Ane. 7a5 + 6aj - 140 = 105. 

2. r + :: — rir = 8. Ans. 905 + 6a; — 2* = 432. 
6 9 27 

SS {B flS .B 

8. - + - — - + — = 20. 
2 ^8 9 ^12 

Ane. 1805 + 12o5 — 4aj + 3« = 720. 

4. I + z — I = 4. Ane. Ux + lOx — Ux = 280. 
5 7 2 

5. 7 — 7 + T = 15. -4n«. 1605 — 1205 + 10o5 = 900. 

4 o 6 

05 — 4 05—2 6 

6. T 



— . 



6 8 

Ane. — 2fl8+8 — 05+2 = 10. 

7. r + 4 = -• Ane. Soj + 60 — 2005 = 9 — 80s. 

o — 05 5 

flS 05 05 05 

-4n«. 1805 — 1205 + 9o5 + 805 = 864. 
9. g-^+/=^. Ane. ad-be + bcy ^ bdg 

,^ 005 2<ftj5 , , 4&A»5 6a3 . 2(? 

b ab a? V ^ a 

The least common multiple of the denominators is cfll^i 

ii*te— 2a»ic^+4a*fi^ = 443c^ - 6a^ + 2a?4V — Sa»ft» 
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TRAlXSPOSrNQ. 

105* Transposition is the operation of cliangmg a tenn 
from one member to the other, without destroying the 
equality^of the members. 

1. Take, for example, the equation, 

6aj — 6 = 8 + 205. 

I^ in the first place, we subtract 2x from both members, 
the equality will not be destroyed, and we have, 

6aj — 6 — 2aj = 8, 

Whence we see, that the term 2sc, which was additive in 
the second member, becomes subtractive by passing into 
the first. 

In the second place, if we add 6 to both members of 
the last equation, the equality will still exist, and we have, 

6aj — 6 — 2aj + 6 = 8 + 6, 

or, fiince — 6 and + 6 cancel each other, we have, 

6« — 2aj = 8 + 6. 

Hence, the term which was subtractive in the first member, 
passes into the second member with the sign of addition. 

106* Therefore, for the transposition of the terms, we 
have the following 

SULE. 

Any term may be transposed from one member of an 
equation to tTie otJier^ if the sign be changed, 

106. What is transposition? 

106. What is the rale for ^ transposition of the t^rms of an equation! 
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EXAMPLES. 

Transpose the unknown terms to the first member, and 
th« known terms to the second, in the following : 

1. .3a; + 6 — 6 = 2aj — 7. Am. 8aj — 2a5 = —7 — 64-6. 

2. oaj + 5 = rf — caj. Ana. ax -{• ex = d — h. 
8. 4a; — 3 = 2aj + 6. Ans. 4a; — 2aj = 6 + 3. 
4. 9a5 + c = ca; — rf. Ans. 9a; — ca; = — d -— c. 
6. ax + f r= dx + h, Ans. ax — dx = b — f. 
6. 6a; — c = — oa; + 5. ^n«. 6a; + aa; = 6 + c. 



SOLUTION OF EQUATIONS. 

loy. The Solution of an equation is the operation of 
finding such a value for the unknown quantity, as will 
satisfy the equation ; that is, such a value as, being sub- 
stituted for the unknown quantity, will render the two mem- 
bers equal This is called a boot of the equation. 

A Root of an equation is said to be verified^ when being 
subsxituted for the unknown quantity in the given equation, 
the two members are found 6qual to each other. 

1. Take the equation, 

!^ _ 4 = ^('^ - '^) + 3. 
2 - 8 

Oleai'^ag effractions (Art. 104), and performing the opera* 
tions iniUcated, we have, 

12a; — 32 = 4a; — 8 + 24. 

107. Wkft^. is the solution of an equation? What is the found Talue 
of the unkiK wn quantity called ? When is a root of an eqoatien said to 
be Ttirffled. ^ 
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Transposing all the unknown terms to the first member, 
and the known terms to the second (Art. 106), we have, 

12a5 - 4a5 = — 8 + 24 + 32. 

Redudng the terms in the two members, 

8a; = 48. 

Dividing both members by the coefficient of Xj 

TBBIFICATION. 
8X6 ^ 4(6 - 2) . ^ 

___4 = ^_^ + 3; or, 

+ 9 — 4 = 2 + 3 = 6. 
Hence, 6 satisfies the equation, and therefore, is a root. 

108* By processes simiilar to the above, all equations of 
the first degree, containing but one unknown quantity, may 
be solved. 

SULB. 

I. Clear the equation of fractions^ and perform aU ths 
indicated operations : 

n. TVanapose all the unknown terms to t?ie first member^ 
and aU the knoton terms to the second member : 

nL Heduce aU the terms in the first member to a single 
terrn^ one factor of which wiU be the unknown quantity^ 
and the other factor wiU be the algebraic sum of its co^ 
dents: 

TV. Divide both me/mbers by the coefficient of the unJmoton 
quantity: the second member toiU then be the value of the 
imhnown quarUity, 

108. Give the rule for iolrip^ equatioDi of the ftrtt d^grM wKh olie 
nnknlt^wti qtnurtlty.' 
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BXAMPLBS. 

1. Solve the equation, 

— — 15 — 13 — !«. 1?? 
12 3 8 6 * 

Clearing of fractions, 

lOa? — 82aj — 312 = 21 — 62a5. 

By transposing, 

lOaj — 32a5 + 62a; = 21 + 312. 

By reducing, 30a5 = 833; 

- 333 111 

tence, x = — = _ = n.i; 

a result which may be yeri£ed by substituting it lor x in 
the given equation. 

2. Solve the equation, 

(3a — aj) (a — 5) + 2aa5 = 4h(x + a). 

Performing the indicated operations, we have, 

3a» — 005 — Bab + bx + 2ax = 4bx + iab. 

By transposing, 

— 005 + te + 2aa; — ibx .-= 4a6 + 3a6 — 3a*. 

By reducing, aaj — 35a5 = 7aft — 3a*; 

Factoring, (a — Zh)x = lab — 30*. 

Dividing both members by the coefficient of a, 

lab - 3a» 
a — 35 

3. Given 3aj — 2 + 24 = 31 to find x. Am. aj = S, 

4. Given a; + 18s=:3as — 5to find x. Ana. « =? 11 \ 
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6'. Given 6 — 2a; + 10 ;= 20 — 8aj — 2, to find x. 

Ans. « = 2. 

6. Given a + 1« + Ja = 11, to find x. Ans. » = 6, 

7. Given 2a; — ^aj + 1 = 6a; — 2, to find x. 

Ans, a; = f . 

Solve the following equations: 

8. Sax + -■— B = bx — a. Ans. x = -7 • 

2 6a — 2b 

^ a; — 3 . a; «^ « — 1^ j „oi 

9. — ^;— + o = 20 Ans. X = 23j. 



X + B X X — 5 

10. ^^ + 1 = 4- 5-^ Ans. X = 3W 

11. - — — + a; = ~ — 3. Ans. a; = 4. 

,^ 3aa; 2Ja; ^ ^ - cc?/'+ 4c(? 

erf •' • dad — 2Jc 

,^ a;— a 2a; — 3ft a — as ,^ , ,_, 
13. --^^ ^ — = lOa + lift. 

Ans. X = 25a + 24ft. 

..a; 8—a;6 + a;,ll ^ - ^^ 

"•12--8 — + T = '^- ^«'-«=12. 

a + x a --x a^ — ofi e 

,^ 8aa; — ft 3ft — c . , 

16. z — = 4 — ft. 

7 2 

. 66 + 9ft - 7c 

Ans. X = • 

16a 

,^ ai 35 — 2 . a; ^ 13 . 

17 — .+ - =: — • Ans. X = 10. 

6 3 2 3 
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5 — ? i- ? * 

a b "^ d 



X X X X 

18. - _ ? f ? _ ? = /. 



Ans. X = r--^ 5 — ^^-7-% ?-• 

oca — oca + aoa — abe 

Note. — ^Wliat is the numerical value of Xj when a = 1, 
i = 2, c = 3, dz= 4, and / = 6 ? 

,- » 8a; 05 — 3 

f - y 5- = - ^^H' ^ns. X = 14, 

3aj — 6 4aj 2 

20. X j^ + ^j^ = x + l. Ana. x = 6. 

21. a + I + I _ ? = 2a! - 48. ^»w. a> = 60. 

22. 2a;«l^ = ?^. ^n.. a: = 3. 

23. 3«4.^^ = a, + a. ^n.. a; = '« + ^ 



6 + 6 



24 5^JZ^-L ^ - .^_^JI^ 
4 "*"§"" 2 8 ' 



. 8ft 

Ans. X 



3a— 2ft* 



^^ 4aj 20 — 4a5 16 , 2 

o — aj aj a 11 

OA ^^+ ^ ^02 - 3a5 ^471-635 

''• -29 12— = ^ 2 

-4/w. X = 72. 

(q + ft)(a;- ft) 4aft~ft« ^ , a^-ftaj 

^'* "^ A 3a = ~-5^ 205 H i — . 

a— ft a + b ft 

,4n# aj = ^* + 9a^ft + 4agfta ~ 6aft» + 2ft^ 
2ft(2a» + oft - fta) 
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PBOBLEMS. 

109* A Pboblem is a 'question proposed, requiring a 
solution, » 

The Solution of a problem is the operation of finding a 
quantity, or quantities, that will satisfy the given conditions. 

The solution of a problem consists of two parts : 

L The STATEMENT, which consists in expressing^ cUgebror 
icaUy^ the relation between the known and the required 
quantities, 

n. The SOLUTION, which consists in finding the values 
of the unknown qitantitesy in terms of those which are 
known. 

The statement is made by representing the unknown 
quantities of the problem by some of the final letters of the 
dphabet, and then operating upon these so as to comply 
with the conditions of the problem. The method of stating 
problems is best learned by practical examples. 

1. What number is that to which if 6 be added, the sum 
will be equal to 9 ? 
Denote the number by x. Then, by the conditions, . 

a; + 5 = 9. 

This is the stoitement of the problem. 

To find the value of x^ transpose 5 to the second member; 

then, 

aj = 9 — 6 = 4, 

This is the solution of the equation. 

VEBIFICATION. 
aj -f 5 r= 9. 

109. What is a problem? Wbat is the solution of a problem? Of 
how many parts does it consist? What are they? What is the stat** 
ment? What is the solution ? 
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2. Find a number such that the sum of one-hal^ one-third, 
and one-fourth ofit, augmented by 45, shall be equal to 448 

Let the required number be denoted by as. 

X 

Then, one-half of it will be denoted by -, 

X 

3' 
X 

_ • 

4' 



one-third " 




cc 


by 


one-fourth " 




cc 


by 


and, by the conditions, 








X X 

- + - + 
2^3^ 


X 

4 


+ 46 = 


r 448. 



This is the statement of the problem. 

Clearing of fractions, 

. ex + 4x + 3x + 640 = 6376 , 
Transposing and collecting the unknown terms, 
1805 = 4836; 

, 4836 ^.^ 

hence, x = -^r^ = 372. 

13 
VBBIFIGATION. 

372 372 372 

^ + ^ + ^ + 46 = 186 + 124 + 98 + 46 = 448. 
2 3 4 

3. What number is that whose third part exceeds its 
fourth by 16? 

Let the required number be denoted by x. Then, 
^ s the third part, 

•-X zs the fourth part ; 
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and, by the conditions of the problem, 



1 1 

-« - ;^ = 16. 

TRis is the statement. Clearing of fractions, 
4a5 — 835 = 192, 
and hence, x = 192. 

VEBIFIGA,TI0N. 

1»?_1»! = 64-48 = 16. 
3 4 

4. Divide llOOO between -4, -B, and C, so that A shall 
have $72 more than -B, and (7 llOO more than A. 

Let 05 denote the number of dollars which £ received. 

Then, x ^ = J^s number, 

85 + 72 = A^8 number, 
and, 05+172 = C^s number; 

and their sum, Sx + 244 == 1000, the number of dollars. 

This is the statement. By transposing, 
305 = 1000 — 244 = 756 ; 
and, 05 = ^ = 252 = ^. share. 

Hence, x + 72 = 252 + 72 = 324 = -4'5 share, 
and, 05+172 = 262 + 172 = 424 = O's share. 

VBEIPICATION. 

262 + 324 + 424 = 1000. * 

5. Out of a cask of wine which had leaked away a third 
part, 21 gallons were afterwards drawn, and the cask being 
then guaged, appeared to be half full : bow much did it 
hold ? 
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Let X denote the number of gallons. 

Then, - = the nnmber that had leaked away, 
3 

and, - + 21 = what had leaked and been drawn. 
3 

Hence, by the conditions, ^ + 21 = - • 

3 2 

This is the statement. Clearing of fractions^ 

2x + 126 = SXy 
and, — aj = - 126 ; 

and by changing the signs of both members, which does not 
destroy their equality (since it is equiyalent to multiplying 
both members by — 1), we have, 

X = 126. 



VBRIFICATION. 
126 . ^, ,^ . ^, ^^ 126 

— + 21 = 42 + 21 = 63 = ~ . 



6. A fish was caught whose tail weighed 9 lbs., his head 
weighed as much as his tail and half his body, and his body 
weighed as much as his head and tail together : what was 
the weight of the fish ? 

Let 2x = the weight of the body, in pounds. 

Then, 9 + x = weight of the head; 

and since the body weighed as much as both head and tail, 

205 = 9 + 9 + aj, 
which is the statement. Then, 

2fl5 -* SB = 18, and as =3 18. 
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Hence, we have, 

2aj-= S6lb. = weight of the body, 

9 + 05 = 2llb. =. weight of the head, 

9lb. = weight of the tail ; 

hence, *I2lb. = weight of the fish. 

7. The sum of two numbers is 67, and their differerce 19 
what are the two numbers ? 

Let X denote the less nmnber. 

Then, as + 19 = the greater; and, by the conditional 

2a5 + 19 = 67. 

This, is the statement. Transposing, 

2a5 = 67 - 19 = 48 ; 

48 
hence, a; = — - = 24, and a; + 19 = 48. 

2 

VESIEICATION. 

48 + 24 = 67, and 43 - 24 = 19. 

ANOTHEB SOLUTION. 

Let (0 denote the greater number. 

Then, 35 — 19 will represent the less, 
and, 2a5 — 19 = 67 ; whence 2a5 = 67 + 19, 

Therefore, aj = — = 43; 

and, consequently, aj — 19 = 43 — 19 = 24. 

GENERAL SOLUTION OF THIS PBOBLEIC 

The sum of two numbers is s, their difference is di whal 
are the two numbers ? 
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Let X denote the less number. 

Then, x + d will denote the greater, 
and 2x + d = «, their smn. Whence, 

s — d _ s d 

and, consequently. 

As these two results are not dependent on particular 
values attributed to « or d; it foUows that: 

1. The greater of two numbers is equal to half their sutOf 
plus half their difference : 

2. Ths less is equal to half their sum^ minus half their 
difference. 

Thus, if the sum of two numbers is 32, and their differ- 
ence 16, 

QO 1 A 

the greater is, — + ---=: 16 + 8 = 24; and 
2 2 

, , 32 16 

the less, -- — ---=16 — 8= 8. 

2 2 

YBBnraCATION. 

24 + 8 = 32 ; and 24 — 8 =: 16. 

8. A Pearson engaged a workman for 48 days. For each 
day tb%t he labored he received 24 cents, and for each day 
that he was idle, he paid 12 cents for his board. At the 
end of the 48 days, the account was settled, when the laborer 
received 504 cents. Hequiredj th^e number of vxyrking days, 
and the number of days he wasjdle. 

If the number of working days, and the number of idle 
days, were known, and the first multiplied by 24, and the 
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second by 12, the difference of these products would be 
604. Let us mdicate these operations by means of algebraic 
signs. 

Let X denote the number of working days. 

Then, 48 — a; = the number of idle days, 
24 X aj = the amount earned, 
and, 12(48 --x) = the amount paid for board* 

Then, 24a5 - 12(48 - a;) = 504, 

what was received, which is the statement. 

Then, performing the operations indicated, 

2405 — 676 + 1205 = 604, 
or, 3605 = 604 + 676 = 1080, 

and, • 05 = ~— - = 30, the number of working days; 

36 

whence, 48 — 30 =18, the number of idle days. 

VERIFICATION. 

Thirty days' labor, at 24 cents ) ^^ ^^ ^^^ 
, -^ "^^ ^ ' {-30 X 24 = 720 cents, 

a day, amounts to ) 

And 18 days' board, at 12 cents ) ,^ ,^ ^,^ 
, ^. ^ }-18 X 12 = 216 cents, 
a day, amounts to ) 

The difference is the amount received .... 604 cents. 



GENERAL SOLUTION. 

This problem may be made general, by denoting the whole 
number of working and idle days, by w ; 

The amount received for each day's work, by a ; 
^ The amount paid for board, for. each idle day, by b ; 

And what was due the laborer, or the balance of the 
accoimt, by c. 
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As before, let the number of working days be denoted 
by aj. 

The number of idle days will then be denoted hy n — x. 

Hence, what is earned wiU be csxpressed by oaj, and the 
smn to be deducted, on account of board, by b{n — x). 

The statement of the problem, therefore, is, 

ax — b{n — 05) = c. 
Performmg indicated operations, 

ax — bn + bx = Cj or, {a + b)x =z c + bn; 

whence, x = r = number of working days ; 

c + bn an + bn-^c—bn 

and, n — x = n ~r = m » 

^ a+6 a+b 

or, n -- 05 = Pr- = number of idle days. 

a + b "^ 

Let us suppose w = 48, a •= 24, 6 = 12, and c = 604 ; 
these numbers will give for x the same value as before 
found. 

9. A person dying leaves half of his property to his wife, 
one-sixth to each of two daughters, one-twelfth to a servant, 
and the remaining $600 to the poor ; what was the amount 
of the property? 

Let X denote the amount, in dollars, 

X 

Then, - = what he left to his wife, 

- = what he left to one daughter, 
and, — = - wiAt he left to both daughters, 

X 

also, — = whan he left to his servant, 

and, $600 = what he left to the poor. 
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Then, by the conditions^ 

flS £{/ 9! 

- + - + rr 4- 600 = a?, the amount of the property, 

which gives, x = $7200. 

10.-4 and jB play together at cards. A sits down with 
$84, and jB with $48. Each loses and wins in turn, when 
it appears that A has five times as much as jB. How much 
did ^ win? 

Let X denote the number of dollars A won. 
Then, A rose with 84 + a; dollars, 

and JS rose with 48 — as dollars. 

But, by the conditions, we have, 

84 + a; = 6(48 — a;), 
hence, 84 + as = 540 — 5x; 

and, ex = 156, 

consequently, a; = 26 ; or .4 won $26. 

TSBIFICATlOTSf, 

84 + 26 = 110 ; 48 - 26 = 22; 
110 = 6(22) = 110. 

11. A can do a piece of work alone in 10 days, jB in 11 
days; in what time can they do it if they work together? 

Denote the time by Xy and the work to be done, by 1« 
Then, in 

1 day, A can do — of the work, and 

jB can do — of the work; and in 

06 days, A can do — of the work, and 
J? can do — of the work. 
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Hence, by the conditions, 

— + — = 1, which gives, 13a5 + 1005 == 130; 
10 13 

130 
hence, 23a; = 130, x =z -— = S^f days. 

12. A fox, pursued by a hound, has a start of 60 of his 
own leaps. Three leaps of the hound are equivalent to 1 of 
the fox ; but while the hound makes 6 leaps, the fox makes 
9 : how many leaps must the hound make to overtake the 
fox? 

There is some difficulty in this problem, arising from the 
different units which enter into it. 

Since 3 leaps of the hound are equal to 7 leaps of the fox, 

7 
1 leap pf the hound is equal to - fox leaps. 

3 

Since, while the hound makes 6 leaps, the fox makes 9, 

9 3 

while the hound makes 1 leap, the fox will make ^ ? or - 

leaps. 

Let X denote the number of leaps which the hound makes 
before he overtakes the fox ; and let 1 fox leap denote the 
unit of distance. 

Since 1 leap of the hound is equal to - of a fox leap, x 

leaps will be equal to -a? fox leaps ; and this will denote the 
8 

distance passed over by the hound, in fox leaps. 

o 

Since, while the hound makes 1 leap, the fox makes - 
leaps, while the hound makes x leaps, the fox makes ^ leaps ; 
and this added to 60, his distance ahead, will give 

g 

-a + 60, for the whole distance passed over by the fox. 
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Hence, A*om the conditions. 



-05 = -« + 60 ; whence, 

3 2 

14a; = 9a; + 360 ; 

X = 12. 



The honnd, therefore, makes 12 leaps before overtaking 
le fo: 
leaps. 



the fox ; in the s^,me time, the fox makes 12 x - = 108 

2 



VERIFICATION. 

108 + 60 = 168, whole number of fox leaps, 
72 X - = 168. 

13. A father leaves his property, amounting to $2520, to 
four sons, -4, jB, (7, and D. C is to have $360, ^ as much 
as C and D together, and A twice as much as ^, less $1000 : 
how much do -4, jB, and J) receive ? 

Ans. A, 1760 ; £, $880 ; D, $520. 

14. An estate of $7500 is to be divided among a widow, 
two sons, and three daughters, so that each son shall receive 
twice as much as each daughter, and the widow herself $500 
more than all the children : what was her share, and what 
the share of each child ? 

{Widow's share, $4000. 
Each son's, 1000. 

Each daughter's, 600. 

15. A company of 180 persons consists of men, women, 
and children. The men are 8 more in number than the 
women, and the children 20 more than the men and women 
together : how many of each sort in the company ? 

Ans, 44 men, 36 women, 100 children. 
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16. A father divides $2000 among five sons, so that each 
elder should receive $40 more than his next yoimger bro- 
ther : what is the share of the yomigest? Ans. $320. 

17. A purse of $2850 is to be divided among three per- 
sons, Ay By and O, A*8 share is to be to J^s as 6 to 11, 
and C is to have $300 more than A and JS together : what 
is each one's share? A% $460 ; JB^s^ $825 ; C% $1575. 

18. Two pedestrians start from the same point and travel 
in the .same direction ; the first steps twice as fer as the 
second, but the second makes 6 steps while the first makes 
but one. At the end of a certain time they are 300 feet 
apart. Now, allowing each of the longer paces to be 3 feet, 
how fer will each have traveled ? 

Ans. 1st, 200 feet ; 2d, 500. 

19. Two carpenters, 24 journeymen, and 8 apprentices 
received at the end of a certain time $144. The carpenters 
received $1 per day, each journeyman, half a dollar, and 
each apprentice, 25 cents : how many days were they em- 
ployed ? Ans. 9 days. 

20. A capitalist receives a yearly income of $2940 ; four- 
fifths of his money bears an interest of 4 per cent., and the 
remainder of 6 per cent. : how much ha« he at interest ? 

Ans. $70000. 

21. A cistern containing 60 gallons of water has three 
unequal cocks for discharging it ; the largest will empty it 
in one hour, the second in two hours, and the third, in thiee: 
in what time will the cistern be emptied if they all nm to- 
gether ? Ans. d2fy min. 

22. In a certain orchard, one-half are apple trees, one- 
fourth peach trees, one-sixth plum trees; there are also, 120 
cherry trees, and 80 pear trees : how many trees in the 
orchard? Ans. 2400. 

23. A farmer being asked ho^ many sheep he had, 
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answered, that he had them in five fields ; in the Ist he had 
}, in the 2d, |, in the 3d, |, and in the 4th, y^, and in the 
5th, 450 : how many had he ? Ans. 1200. 

24. My horse and saddle together are worth $132, and 
the horse is worth ten times as much as the saddle : what 
is the value of the horse ? Ans. $120. 

25. The rent of an estate is this year 8 per cent, greater 
than it was last. This year it is $1890 : what was it last 
year? Ans. $1750. 

26. What number is that, from which if 5 be subtracted, 
I of the remainder wiU be 40 ? Ans. 65. 

27. A post IS I in the mud, \ in the water, and 10 feet 
above the water : what is the whole length of the post ? 

Ans. 24 feet. 

28. After paying J and J of my money, I had 66 guineas 
left in my purse : how many guineas were in it at first ? 

Ans. 120. 

29. A person was desirous of giving 3 pence apiece to 
some beggars, but found he had not money enough in his 
pocket by 8 pence ; he therefore gave them each 2 pence 
and had 3 pence remaining : required the number of beg- 
gars. Ans. 11, 

30. A person, in play, lost | of his money, and then won 
8 shillings ; after which he lost | of what he then had ; and 
this done, found that he had but 12 shillings remaining: 
what had he at first ? Ans. 20s. 

31. Two persons, A and -B, lay out equal sums of money 
m trade ; A gains $126, and £ loses $87, and A^s money is 
then double of jB'^ : what did each lay out? Ans. $300. 

32. A person goes to a tavern with a certain sum of 
money in his pocket, where he spends 2 shillings : he then 
borrows as much money as he had left, and going to another 
tavern, he there spends 2 shillings also; then borrowing 
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again as much money as was left, he wenf to a third tayem, 
where likewise he spent 2 shillings, and borrowed as much 
as he had left : and again spending 2 shillings at a fourth 
tavern, he then had nothing remaining. What had he at 
first ? Ans. 3«. ^d, 

38. A tailor cut 19 yards from each of three equal pieces 
of cloth, and 17 yards from another of the same length, 
and found that the four remnants were together equal to 
142 yards. How many yards in each piece? Ans. 54, 

34. A fortress is garrisoned by 2600 men, consisting of 
infantry, artillery, and cavalry. Now, there are nine times 
as many infentry, and three times as many artillery soldiers 
as there are cavalry. How many are there of each corps ? 

Ans, 200 cavalry; 600artiQery; 1800 infantry, 

35. All the joumeyings of an individual amounted to 2970 
miles. Of these he traveled 3^ times as many by water as 
on horseback, and 2| times as many on foot as by water. 
How many miles did he travel in each way? 

Ans, 240 miles; 840 m.; 1890 m, 

36. A sum of money was divided between two persons, 
A and B. A^b share was to B*s in the proportion of 6 to 3, 
and exceeded five-ninths of the entire sum by 50. What 
was the share of each? Aub. ^'^ share, 450; jB**, 270, 

37. Divide a number a into three such parts that the 
second shall be n times the first, and the third m times as 
great as the first. 

1st, , , _ . ^ ; 2d, ^ _^^ ^ \ 8d, 



14-m + yi' 'l + m + n' ^l+m + n 

88. A father directs that $1170 shall be divided among 

his three sons, in proportion to their agbs. The oldest is 

twice as old as the youngest, and the second is one-third 

older than the youngest. How much was each to receive ? 

Ans. $270, youngest; $360, second ; $540, eldest. 
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89. Three regiia^nts are to furnish 594 men, and each to 
fomish in proportion to its strength. Now, the strength of 
the first is to the second as 3 to 5 ; and that of the second 
to the third as 8 to 7. How many must each furnish ? 

Am. 1st, 144 men; 2d, 240; 8d, 210. 

40. Five heirs, -4, jB, <7, 2>, and jEJ are to divide an inher- 
itance of 15600. jB is to receive twice as much as A^ and 
$200 more; C three times as much as A^ less $400 ; D the 
half of what JB and O receive together, and 150 more ; and 
£J the fourth part of what the four others get, plus $475. 
How much did each receive ? 

A'Sy $500; jB's, 1200; 0% 1100; i>'5, 1300; E's, 1500. 

41. A person has four casks, the second of which being 
filled from the first, leaves the first four-sevenths full. The 
third being filled from the second, leaves it one-fourth full, 
4pid when the thii d is emptied into the fourth, it is found to 
fill only nine-sixteenths of it. But the first will fill the third 
and fourth, and leave 15 quarts remaining. How many 
gallons does each hold ? 

Am. 1st, 35 gal. ; 2d, 15 gaL ; 3d, 11| gaL ; 4th, 20 gaL 

42. A courier having started from a place,*is pursued by 
a second after the lapse of 10 days. The first travels 4 
miles a day, the other 9. How many days before the 
second will overtake the first ? Ans. 8. 

43. A courier goes 31^^ miles every five hours, and is fol- 
lowed by another after he had been gone eight hours. The 
second travels 22^ miles every three hours. How many 
hours before he will overtake the first ? Ans. 42. 

44. Two places are eighty miles apart, and a person leaves 
one of them and travels towards the o:ther at the rate of 3 J 
miles per hour. Eight ho\a^ after, a person departs from 

6* 
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the second place, and travels at the rate of 5^ miles per hour 
How long before they will be together ? 

Ana, 6 hoursi 

BQIJATIONS CONTAINING TWO UNKNOWN QUANTITIES. 

110. Kwe have a single equation, as, 

235 + 3y == 21, 

containing two unknown quantities, x and y, we may find 
the value of one of them in terms of the other, as, 

«=5ii^ (1.) 

Now, if the value of y is unknown, that of x will also be 
unknown. Hence, from a single equation, containing two 
unknown quantities, the value of x cannot be determined. 

If we have a second equation, as, . ^ 

5x + 4y = 35, 

we may, as before, find the value of aj in terms of y, giving, 

.^i^-^ (2.) 

Now, if the values of x and y are the same in Equations 
( 1 ) and ( 2 ), the second members may be placed equal to 
each other, giving, 

21 — 3y 35 — 4y ,^^ ,^ >,^ « 

-—^ = — -^ , or 105 — 15y = 10 —By; 

2 5 

from which we find, y = 5. 

110. In one equation containing two unknown quantities, can you find 
the value of either ? If you have a second equation involving the same 
two unknown quantities, can you ^d their yalues f What are such equa« 
iionsoblledf 
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Subtituting this value for y in Equations ( 1 ) or ( 2), we 
find a; = 3. Such equations are called SimxdtaneouB 
eqvMions. Hence, 

111. Simultaneous Equations are those in which the 
values of the unknown quantity are the same in both. 

ELIMINATION. 

112. Elimination is the operation of combining two 
equations, containing two unknown quantities, and deducing 
tlierefrom a single equation, containing but one. 

There a<e three principal methods of ehmination : 

1st. By addition or subtraction. 

2d. By substitution. 

3d. By comparison. 
We shall consider these methods separately. 

EUmination by Addition or Subtraction. 
1. Take the two equations, 

3a; — 2y = 7, 

Sx + 2y = 48. 

If we add these two equations, member to member, we 
obtain, 

llaj = 66; 

which gives, by dividing by 11, 

05 = 6; 

and substituting this value in either of the given equations, 
we find, 

y = 4. ^^^^^^ 

111. What are simultaneous equations ? 

112. What is elimination? How many methods of eliminatioQ ar« 
there t What are th-^y t 
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S. Again, take the equations, 

8a5 + 2y = 48, 
8aj + 2y = 23, 

If we subtract the 2d equation from the 1st, we obtain, 

6a; = 25; 

which gives, by dividing by 6, 

05 = 6; 

and by substituting this value, we find, 

y = 4. 

8. Given the sum of two numbers equal to «, and their 
difference equal to dy to find the numbers. 

Let ,x = the greater, and y the less number. 

Then, by the conditions, x -{- y z=z s. 

and, , X " y = d. 

By adding (Art. 102, Ax. 1), 2x := s + d. 

By subtracting (Art. 102, Ax. 2), . . . 2y =r « — <i 

Each of these equations contains but one unknown quantity. 

From the first, we obtain, a; = ?-i_r. 

2 ' 

and from the second, y = f-ILr. 

2 

These are the same values as were found in Prob. 7, page 
120. 

4. A person engaged a workman for 48 days. For each 
day that he labored he was to receive 24 cents, and for each 
day that he was idle he was to pay 12 cents for his board. 
At the end of the 48 days the account was settled, when the 
laborer received 604 cents. Required the number of worfc 
ing days, and the number of days he was idle. 
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Xjet X = the number of working days, 

y = the number of idle days. 

Then, 24x = what he earned, 

and, 12y = what he pdd for his board. 

Then, by the conditions of the question, we have, 

x+ y = 48, 
and, 24x — 12y = 604. 

This is the statement of the problem. 

It has already been shown (Art. 102, Ax. 3), t^at the two 
members of an equation may be multiplied by the same num- 
ber, without destroying the equality. Let, then, the first 
equation be multiplied by 24, the coefficient of « in the 
second ; we shall then have, 

24aj + 24y = 1152 
24a5 — 12y = 604 

and by subtracting, 36y = 648 • 

648 
••• y = ^ = ^^- 

Substituting this value of y in the equation, 

24a5 — 12y = 604, we have, 24a5 — 216 = 604; 

which gives, 

24» - 504 + 216 = 720, and 35 = —-=: 80. 

iw4 
VERinCATIuN. 

X + y = 48 gives 30 + 18 = 48, 

240$ — 12y = 504 gives 24 X 30 — 12 X 18 = 604. 
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118. In a similar manner, either unknown quantity may 
be eliminated from either equation ; hence, the following 



BULB. 



I. Prepare the equations so that the coefficients of the 
quantity/ to be eliminated shaM be numerically equal: 

n. J^ the signs are unlike^ add the equations^ member 
to msniber ; if alike^ subtract them^ member from member. 



BXAMPLBS. 



Find the values of x and y, by addition or subtraction, 
in the following simultaneous equations : 



g j 3a! - y = 3 ) 

( y + 2fl! = 7 I 

g KAx-ly = - 22 ) 
■ ( 6a5 + 2y = 37 ) 

^ j 2a! + 6y = 42 ) 
( 8aj — 6y = 3 ) 

8 ( 8a! - 9y = 1 ) 
( 6a5 ~ 3y = 4aj ) 

^ j 14a; - 15y = 12 ) 
( 1x+ 8y = 37 ) 



10. 



11. 



8y 

^ + 3^ = 6 
^^5 + ^ = 6* 






Ans, a; = 2, y = 3. 
Ans, 05 = 5, y = 6. 
Ans. 05 = 4^, y = 5^. 
Ans. 05 = i, y = i. 
-4n«. 05 = 3, y = 2. 



Ans. 



05 = 6, y = 9. 



05 = 14, y = 16. 



118. What is the mile fo? elimination by additlijn or wbtraiftion f 
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12. Says A to -B, you give me $40 of your money, and 
I shall then have five times as much as you will have left. 
Now they both had $120 : how much had each? 

Ans. Each had $60. 

13. A father says to his son, " twenty yeaiu ago, my age 
was four times yours ; now it is just double : " what were 
their ages? . j Father's, 60 years. 

* ( Son's, 30 years. 

14. A fiither divided his property between his two sons. 
At the end of the first year the elder had spent one-quarter 
of his, and the younger had made $1000, and their property 
was then equal. After this the elder spent $500, and the 
younger made $2000, when it appeared that the younger had 
just double the elder: what had each from the fether? 

. j Elder, $4000. 
' 1 Younger, $2000. 

15. If John give Charles 15 apples, they will have the 
same number ; but if Charles give 15 to John, John will 
have 15 times as many, wanting 10, as Charles will have left. 
How many has each ? j i Jo^9 50. 

^"^^ 1 Charles, 20. 

16. Two <jjerks, A and -B, have salaries which are together 
equal to $900. A spends ^^ per year of what he receives, 
and S adds as much to his as ^ spends. At the end of the 
year they have equal sums : what was the salary of each ? 

A's = $600. 



Ans, 



{A's = 
\B's = 



$400. 



^Elimination hy Substitution. 

114. Let us again take the equations, 

hx+ly = 43, (1.) 

Ila5 + 9y = 69. (2.) 

1 14. 6iv« the rule fbr elimination by lubstitntion. When it tUa method 
used to the greatest advantage t 
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Und the value of a; in the first equation, which givefi 

Substitute this value of a; in the second equation, and we 
have, 

11 X g-^ + 9y = 69; ; 

or, 473 - 77y + 46y = 346 ; 

or, — 32y = — 128. 

Here, « has been eliminated by suhatitution. 

In a similar mamier, we can eliminate any unknown quan- 
tity ; hence, the 

BULB. 

I. Find from either eqttation the value of the unkfnown 
quantity to he eliminated: 

n. Substitute this value for tfiat quantity in the other 
eqication. 

Note. —This method of elimination is used to great advan- 
tage when the coefficient of either of the unknown quantities 

ifli. 

EXAMPLES. 

find, by the last method, the values of x and y in the 
following equations: 

1. 3a; — y = 1, and 3y — 2a5 = 4. 

Ans. aj = 1, y = 2. 

2. 5y — 4sB = — 22, and 3y + 4a; = 38. 

Am. a; = 8, y = 2. 

8. 05 + 8y = 18, and y — 3a; = — 29. 

Ana. a; = 10, y = 1. 
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2 
4. 6a5 - y = 13, and 8a5 + -y = 29. 



Am. 05 = 3^, y = 4J. 



5. lOaj — I =• 69, and lOy — | = 49. 

Ans. a; = 7, y =z 5. 

6. 05 4- -a; — ^ = 10, and - + -^ = 2. 

Ans. 05 = 8, y =»10. 

». |-| + 6 = 2, 05 + 1 = l^. 

Ans. 05 = 16, y = 14. 

«• 1+1+8 =«*' «"^ i-f =^ 

^w«. 05 = 3J,' y = 4. 

9. 1-1 + 6 = 5, and §-^ = 0. 

-4n«. 05 = 12, y = 16. 

10- ^ - ^ - 1 = - ^> and 605 - ^ = 29. 
12 ' 49 

^w«. 05 = 6, y = Y. 

11. Two misers, A and jB, sit down to count over their 
money. They both have $20000, and J9 has three times as 
much as A : how much has each ? , j *5000 

^"^^ (^!$1500o! 

12. A person has two purses. If he puts $1 into the first, 
the whole is worth three times as much as the second purse : 
but if he puts $7 into the second, the whole is worth fivre 
times as much as the first: what is the value of each purse? 

Ans. Ist, |2 ; 2d, $3. 
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13. Two numbers have the following properties: if the 
first be multiplied by 6, the product will be equal to the 
second multiplied by 6 ; and 1 subtracted from the first 
leaves the same remainder as 2 subtracted from the second : 
what are the numbers ? Ans, 5 and 6. 

14. Find two numbers with the following properties : the 
fii'st increased by 2 is d| times as great as the second; 
and the second increased by 4 gives a number equal to half 
the first : what are the numbers ? Ana. 24 and 8. 

15. A father says to his son, "twelve years ago, I was 
twice as old as you are now: four times your age at that 
time, plus twelve years, will express my age twelve years 
hence : " what were their ages ? 

. ( Father, 72 years. 
^* \ Son, 30 " 

Elimination by Comparison. 

115« Take the same equations, 

6a5 + 7y = 43 
llaj + 9y = 69. 

Finding the value of x from, the first equation, we have, 

43 - 7y 

X = -X 

5 ' 

and finding the value of x from the second, we obtain, 

69-Jy^ 
11 

116. Giro the rule for elimination by comparison. 



Digitized by VjOOQ IC 



BLIMINATIOK. 139 

Let these two values of x be placed equal to each other, 
and we have, 

43 -- 7y _ 69 — 9y 
6 ■" 11 

Or, 473 — 11 j/ = 346 - 45y ; 

or, — 32y = — 128. 

Hence, y = 4. 

A J 69 — 36 ^ 
And, X = — — = 8. 

This method of elimination is called the method by com- 
parison^ for which we have the following 

BULB. 

L JFindj from each equation^ the value of the satM 
unknovm quantity to be eliminated: 
n. Pkice these values equal to each other. 

EXAMPLES. 

Find, by the last rule, the values of x and y, from the 
following equations, 

1. 335 + I + 6 = 42, and y - ^ = IH* 

Ans. a; = 11, y = 16, 

2. |-y + 6 = 6, and 1 + 4 = ^ + 6. 

Ans. 05 = 28, y = 20. 

t/ 05 22 
8. ^ - 4 + T = 1' ^* 3y - 05 = 6. 

Ans. 05 = 9, y = 5, 

4. y — 8 = -05 + 6, and ^ T" ^ = y — 3J. 

Ans. 0? = 2, y = Oil 
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«. ?^ + | = y_2, and | + | = «-18. 

Am. 05 = 16, y = 7 

e. «L±^ + ?^ = .-f, and « + y = 16. 

Ans. a; = 10, y = «• 

^ 2a5 — 3y ^. y — 1 

AnB. aj = 1, y = 8. 

flg — 4 __ X 

8 "■ ^ 5* 
^n«. aj = 10, y = 13. 

9. 4y — ^"Z^ = 05 + 18, and 27 — y = 05 + y + 4. 

AnB. 05 = 9, y = Y. 

10. i_2LZ:f + 4 = y-16|, |-2=|. 

Ana. 05 = 10, y = 20. 

116* Haying explained the prindpal methods of elimina- 
tion, we shall add a few examples which may be solved by 
any one of them ; and often indeed, it may be advantageous 
to employ them all, even in the same example. 

GBNBBAL BXAHPLBS. 

Find the values of x and y in the following simidtaneous 
equations : 

1. 205 + 3y = 16, and 305 — 2y = 11. 

Ans. 05 = 5, y =r 2. 



Digitized by VjOOQ IC 



ELIMINATION. 



Ul 



^ 205 , 3y 9 - 8a; 2y 61 

2, — ^ = — • and — H — ^ = — • 

6^4 20' 4^5 120 



Ans. a = 2> y = §• 

8. I + »y = 99, and | + »« = 51. 

Ans. aj = Y, y = 14. 

4. 1-12=1 + 8, ^ + 1-8 = ^-^-1-27. 



6. ^ 



- 435 

« - iy + y = 6i 

^_J' + 7« = 41 



^w«. a; = 60, y = 40. 
35 = 6. 



6. ^ 



». -{ 



tioJ - ^ + 4iy = 12J 
'8y-x 2aj - y 

8 — 205 
6aJ - y + -—7— = 43i 



3a; — 8 V — 6 

— j-" + ?4-? + y = ISA 

8a! - 8 — ?-^ = 79 
3 

r 4a!- 4 V - 5 



f8 - iy + ^^ = * 



Ans. 



Ans, 



Ans. 



Ans. 



Ans. 



y = 8. 
X = 6. 

ly = 3. 

a; = 9. 

y=8. 

X = 10. 

y= 12. 

a; = 6. 
y — 5. 
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C -{- ab — bd 
a-h 

a^ + c ^ ad 



ax -- by = c 






Ans. ' 


a — y + X = d 





X = 



y = 



a — b 



-12, 



' ( 2x+iy = l ) ( y = 60. 

12 j(a5+5)(y+7) = (a5+l)(y-9)+112) j as = 8. 

I 2a!+ 10 = 3y+l J ^'**- 1 y = 6. 






13. 



14. 



15. ^ 



16. ^ 



17. 



x + y = c 
ax + by = c 

f^ + gy ^ h 



be 



Ana. 



Ana. 



Ana. 



b + y Sa + x\ 
ax + 2by = d 

bcx = cy — 2b 



A2 ^a(c3-ft') 2J3 



a = 



y = 



« 


a 


+ ft 


y 


~ a 


ac 
+ b 




eg 


-bh 


•(/ — 


ag 


-¥ 


y = 


ah ■ 


-cf 


ag- 


-bf 


2J2- 


-Qa'^ + d 




9a 




3o»- 


-*» + <? 



Zb 



Zx + 6y 



- ^^tz^^fW^ 



b-i-p 
- ibp 

y - « = ^3.-75 



Ana. 



Ana. -« 



.M 



y = 



X = 



y = 



a + 2& 



*-/ 
Jf-. 
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PBOBLEMS. 

1. What fraction is that, to the numerator of which if 1 

be added, the value will be - , but if 1 be added to its 

1 
denominator, the value will be - ? 

Let the fraction be denoted by - • 

^ y 

Then, by the conditions, 

aj + 1 1 , X 1 

= — • ancu = — • 

y 3' ^ y + 1 4 

whence, 3a5 + 3 = y, and Ax = y +1. 

Therefore, by subtracting, 

X —3 = 1, and a; = 4. 

Hence, 12 + 3 = y; 

.'. y = 16. 

2. A market-woman bought a certain number of eggs at 
2 for a penny, and as many others at 3 for a penny ; and 
having sold them all together, at the rate of 5 for 2d^ found 
that she had lost 4<?: how many of both Idnds did she buy ? 

Let 2x denote the whole number of eggs. 

Then, x = the number of eggs of each sort. 

Then will, -aj = the cost of the first sort, 

and, -05 = th^ cost of the second sort. 

But, by the conditions of the question, 

4a; 
5 : 2fl; :: 2 : --; 
5 

4(6 

hence, ~- will denote the amount for which the egg? 
were sold. 
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But, hj the conditions, 

11 4a; . 

therefore, 16x + lOa; — 24a5 = 120; 

. •. a = 120 ; the nmnber of eggs of each sort 

S. A person possessed a capital of 30,000 dollars, for 
which he received a certain interest ; but he owed the sum 
of 20,000 dollars, for which he paid a certam annual interest. 
The interest that he received exceeded that which he paid 
by 800 dollars. Another person possessed 35,000 dollars, for 
which he received interest at the second of the above rates; 
but he owed 24,000 dollars, for which he paid interest at the 
first of the above rates. The interest that he received, an- 
nually, exceeded that which he paid, by 310 dollars. Re- 
quired the two rates of interest. 

Let X denote the number of imits in the first rate of 
interest, and y the unit in the second rate. Then each may 
be regarded as denoting the mterest on $100 for 1 year. 

To obtain the interest of $30,000 at the first rate, denoted 
by Xj we form the proportion, 

30,00005 
100 : 30,000 :: X : ^^ , or 300iB. 

And for the interest of $20,000, the rate being y, 

100 : 20,000 :: y : ^^^^> or 200y. 

But, by the conditions, the difference between- these two 
amounts is equal to 800 dollars. 

We have, then, for the first equation of the problem, 

SOOiB — 200y = 800 
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By expressing, algebraically, the second condition of the 
problem, we obtain a second equation, 

350y - 240aj = 310. 

Both members of the first equation being divisible by 100, 
and those of the second by 10, we have, 

3a5 — 2y = 8, 35y ~ 24a; = 31. 

To eliminate sb, multiply the first equation by 8, and then 
add the result to the second ; there results, 

19y = 95, whence, y = 6. 

Substituting for y, in the first equation, this value, and 
that equation becomes, 

Sx — 10 = 8, whence, a; = 6. 

Therefore, the first rate is 6 per cent, and the second 6. 

VERIFICATION. 

$30,000, at 6 per cent, gives 30,000 X .06 = $1800. 
$20,000, 5 " " 20,000 X .05 = $1000. 

And we have, 1800 — 1000 = 800. 

The second condition can be verified in the same manner. 

4. What two numbers ai*e those, whose difference is 7, 
and sum 33 ? -4/i«. 13 and 20. 

5. Divide the number 75 into two such parts, that three 
times the greater may exceed seven times the less by 15. 

Ans. 54 and 21. 

6. In a mixture of wine and cider, J of the whole plus 25 
gallons was wine, and ^ part minus 5 gallons was cider : how 
many gallons were there of each ? 

Ans. 86 of wine, and 35 of cider, 

7 
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?. A bill of £120 was paid in guineas and moidores, and 
the number of pieces used, of both sorts, was just 100, If 
the guinea be estimated at 2l5, and the moidore at 27«, how 
many pieces were there of each sort ? . Ans. 60. 

8. Two travelers set out at the same time from London 
and York, whose distance apart is 150 miles. One of them 
travels 8 miles a day, and the other 7 : in what time will 
they meet ? Ans. In 10 days, 

9. At a certain election, 375 persons voted for two candi* 
dates, and the candidate chosen had a majority of 91 : how 
many voted for each ? 

A71S, 233 for one, and 142 for the other. 

10. A person has two horses, and a saddle worth £50. 
Now, if the saddle be put on the back of the first horse, it 
makes their joint value double that of the second horse; 
but if it be put on the back of the second, it makes their 
joint value triple that of the first : what is the value of each 
horse ? Ans. One £30, and the other £40. 

11. The hour and minute hands of a clock are exactly to- 
gether at 12 o'clock : when will they be again together? 

Ans. Ih. sy^m* 

12. A man and his wife usually drank out a cask of beer 
in 12 days ; but when the man was from home, it lasted the 
woman 30 days : how many days would the man alone be 
in drinking it ? Ana. 20 days. 

13. If 32 pounds of sea-water contain 1 pound of salt, how 
much fresh water must be added to these 32 pounds, in order 
that the quantity of salt contained in 32 poimds of the new 
mixture shall be reduced to 2 ounces, or | of a pound ? 

Ana. 224 lbs. 

14. A person who possessed 100,000 dollars, placed the 
greater part of it out at 5 per cent interest, and the other 
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at 4 per cent. The interest which he received for the whole, 
amounted to 4640 dollars. Required the two parts. 

Ans. $64,000 and $36,000. 

15. At the close of an election, the successful candidate 
had a majority of 1500 votes. Had a fourth of the votes of 
the unsuccessful candidate been also given to him, he would 
have received three times as many as his competitor, want- 
ing three thousand five hundred : how many votes did each 
receive? . j 1st, 6500. 

•^'^''- I 2d, 5000. 

16. A gentleman bought a gold and a silver watch, and a 
chain worth $25. When he put the chain on the gold watch* 
it and the chain became worth three and a half times more 
than the silver watch ; but when he put the chain on the 
silver watch, they became worth one-half the gold watch 
and 15 dollars over : what was the value of each watch ? 

J { Gold watch, $80. 

17. There is a certain number expressed by two figures, 
which figures are called digits. The sum of the digits is 11, 
and if 13 be added to the first digit the sum will be three 
times the second: what is the number? Ans. 66. 

18. From a company of ladies and gentlemen 15 ladies 
retire; there are then left two gentlemen to each lady. 
After which 45 gentlemen depart, when there are left 6 
ladies to each gentleman : how many were there of each at 
first ? J j ^^ gentlemen. 

( 40 ladies. 

19. A person wishes to dispose of his horse by lottery. 
If he sells the tickets at $2 each, he wiU lose $30 on his, 
horse ; but if he sells them at $3 each, he wiU receive $30 
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more than his horse cost him. What is the value of the 
horse, and number of tickets? . (Horse, $150. 

( No. of tickets, 60, 

20. A person purchases a lot ol wheat at $1, and a lot of 
rye at 15 cents per bushel ; the whole costing him $11 7.60. 
He then sells } of his wheat and J of his rye at the same rate, 
and realizes $27.50. How much did he buy of each ? 

. (80 bush, of wheat. 
• * I 60 bush, of rye. 

21, There are 52 pieces of money in each of two bags. A 
takes from one, and j5 from the other. A takes twice as 
much as £ left, and ^ takes 7 times as much as A left. 
How much did each take ? . j -4, 48 pieces. 






28 pieces. 

22. Two persons, A and B, purchase a house together, 
worth $1200. Says A to B^ give me two-thirds of your 
money and I can purchase it alone ; but, says -B to A^ if 
you will give me three-fourths of your money I shall be able 
to purchase it alone. How much had each ? 

Ans, Aj $800 ; -B, $600. , 

23. A grocer finds that if he mixes sherry and brandy in 
the proportion of 2 to 1, the mixture will be worth 785. per 
dozen ; but if he mixes them in the proportion of 7 to 2, he 
can get 79^. a dozen. What is the price of each liquor per 
dozen? Ans, Sherry, 81s.; brandy, 72«. 

Equations containing three or more unknown quantities, 

117. Let us noTf consider equations involving three or 
more unknown quantities. 
Take the group of simultaneous equations, 

1 17. Give the rule for solving any group of simultaneous equations f 
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6aj — 6y + 42 = 15, 
7aj + 4y — 32 = 19, 
2x + y -[- 62 = 46. . . . 


. . (1.) 
. . (2.) 
. . (3.) 
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To eliminate 2 by means of the first two equations, multi- 
ply the first by 3, and the second by 4 ; then, since the 
coefficients of z have contrary signs, add the two results 
together. This gives a new equation : 

4305 - 2y = 121 (4.) 

Multiplying the second equation by 2 (a fe<5tor of the 
coefficient of 2 in the third equation), and adding the result 
to the third equation, we have, 

16a; + 9y = 84 (6.) 

The question is then reduced to finding the values of x 
and y, which will satisfy the new Equations ( 4 ) and (6 ). 

Now, if the first be multiplied by 9, the second by 2, and 
the results added together, we find, 

419a; z^ 1267; whence, a; = 3. 

We might, by means of Equations (4) and (6) deter- 
mine y in the same way that we have determined x ; but 
the value of y may be determined more simply, by substi- 
tuting the value of a; in Equation ( 6 ) ; thus, 

48 + 9y = 84. .-. y = ^^ "^ ^^ = 4. 

In the same manner, the first of the three given equations 
becomes, by substituting the values of x and y, 

15 - 24 + 42 = 15. .-. 2 = ^ = 6. 

4 

In the same way, any group of simultaneous equations 
may be solved Hence, the 



Digitized 



by Google 



150 BLSMENTABT ALQBBBA. 

BULB. 

1. Combine one equation of the group with each of the 
others^ by eliminating one unknown quantity ; there wiU 
result a new group containing one eqitation less than the 
original group: 

n. Combine one equation of this new group with each 
of the otherSy by eliminating a second unknown quantity / 
there will result a new group containing two equations less 
than the original group : 

ILL Continue the operation until a single equation is 
founds containing but one unknown quantity : 

IV. Find the value of this unknown quantity by the 
preceding rules ; substitute this in one of the group of 
two eqicationSy and find tlie valice of a second unknown 
quantity; substitute these in either of the group of three^ 
finding a third unknown quantity ; and so on^ tiU the 
values of all are found. 

Notes. — 1. In order that the value of the unknown quan- 
tities may be determined, there must be just as many inde- 
pendent equations of condition as there are unknown quan- 
tities. If there are fewer eq lations than unknown quantities, 
the resulting equation will contain at least two unknown 
quantities, and hence, their values cannot be found (Art. 110). 
If there are more equations than unknown quantities, the 
conditions maybe contradictory, anii the equations impossible. 

2. It often happens that each of the proposed equations 
does not contain all the imknown quantities. In this case, 
with a little address, the elimination is very quickly per- 
formed. 

Take the four equations involving four unknown quanti- 
ties: 

2aj - 3y -f 22 = 13. (1.) 4y + 22 = 14. (3.) 

4w — 2aj == 30* (2.) 5y + 3w = 32. (4.) 
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By inspecting these equations, we see that the elimination 
of z in the two Equations, ( 1 ) and ( 3 ), will give an equa- 
tion involving x and y\ and if we eliminate u in Equa- 
tions (2) and (4), we shall obtain a second equation, in- 
volving X and y. These last two unknown quantities may 
therefore be easily determined. In the first place, the 
elimination of z from ( 1 ) and ( 3 ) gives, 

7y — 205 = 1 ; 

That of ti from (2) and (4) gives, 

20y + 6a; r= 88. 

Multiplying the fii'st of these equations by 8, and adding, 
41y = 41; 

Whence, y = 1. 

Substituting this value in 7y — 2a5 = 1, we find, 

aj = 3. 
Substituting for x its value in Equation ( 2 ), it becomes 
4w - 6 = 30. 

Whence, w = 9. 

And substituting for y its value in Equation (8), there ' 
results, 

« = 5. 



1. Given ^ 



EXAMPLES. 

x+ y + 2 = 29 ' 
05 -(- 2y -f 3z = 62 

2^+8«' + 4* = 10 



to find iB, y, and «. 



Ans. 05 =r 8, y = 9, z 



12. 
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{2a5 + 4y - Sz = 22 *> 
4a5 — 2y + 6a5 = 18 I to find aj, y, and z 
6aj + 7y - 2 = 63 J 

Ans. a; = 3, y = 7, « = 4. 



« + ^ + ^ = 32 
8, Given j la; + ly + -a = 15 
1,1.1 



to find a^ y, and & 



4. Given 



Ans. a? = 12, y = 20, « = 30. 

raj + y + 2=:29J^ • 
■I aj + y — 2 = 18| > to find as, y, and z. 
laj-yH-z = 13|J 



-4/15. aj 



16, y = 1h 2 = H 



{3a; + 6y = 161 ^ 
7x + 2z = 209 > to find as, y, and 2. 
2y + 2 = 89 J 

A71S. a? = 17, y = 22, 2 = 46. 



6. Given 



n 1 

- + - = a 
aj y 

X 2 

y a 



to find QCj y, and 2. 



as = 



a + ^ — c'^ a + c — ft'^ b+c — a 



Note. — ^In this example we should not proceed to clear 
the equation of fractions; but subtract immediately the 
second equation from the first, and then add the third : we 
thus find the value of y. 
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PROBLEMS. 

1. Divide the number 90 into four such parts, that the 
first increased by 2, the second diminished by 2, the third 
multiplied by 2, and the fourth divided by 2, shall be equal 
each to each. 

This problem may be easily solved by introducing a new 
unknown quantity. 

Let a;, y, 2, and w, denote the required parts, and desig- 
nate by m the several equal quantities which arise from the 
conditions. We shall then have, 

u 

aj + 2 = m, y — .2 = m, 2s = m, - = m. 



From which we find. 



2 



m 



a; = m — 2, y = m + 2, 2 = --, w = 2m. 

z 

And, by adding the equations, 
X -{- y -h z '\- u =: m + m + — + 2m z= 4^m. 

And since, by the conditions of the problem, the first 
member is equal to 90, we have, 

Urn = 90, or fm = 90; 

hence, m = 20. 

Having the value of m, we easily find the other values ; 
viz.: 

a; = 18, y = 22, z = 10, u = 40. 

2. There are three ingots, composed of different metals 
mixed together. A pound of the first contains 1 ounces of 
silver, 3 ounces of copper, land 6 of pewter. A pound of 
the second contains 12 ounces of silver, 8 ounces of copper, 
and 1 of pewter. A pound of the third contains 4 oimces 
of silver, 1 ounces of copper, and 5 of pewter. It is required 
1* 
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to find how much it will take of each of the three ingots to 
form a fourth, which shall contain in a pound, 8 ounces of 
silver, 3J of copper, and 4\ of pewter. 

Let Xy y, and «, denote the number of ounces which it 
is necessary to take from the three ingots respectively, in 
order to form a pound of the required ingot. Since there 
are 1 ounces of silver in a pound, or 16 ounces, of the first 
ingot, it follows that one ounce of it contains -^ of an ounce 
of silver, and, consequently, in a number of ounces denoted 

by aj, there is -- ounces of silver. In the same manner, 
16 

12t/ Az 

we find that, -~ , and -— , denote the number of ounces 

of silver taken from the second and third ; but, from the 
enunciation, one pound of the fourth ingot contains 8 ounces 
of silver. We have, then, for the first equation, 

7« 12y 42 _ 
16 ^ 16 ^ 16 ~ ' 

or, clearing frtu^tions, 

1x + 12y + 4» = 128. 

As respects the copper, we should find, 

Sx + Sy + 1z = 60 ; 

and with reference to the pewter, 

ex + y + Sz = 68. 

As the coefBcients of y in these three equations are the 
most simple, it is convenient to eliminate this unknown 
quantity first. 

Multiplying the second equation by 4, and subtracting the 
fii*8t from it, member from member, we have, 

5a? -f 24« ^ 112. 
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Multiplying the third equation by 3, and subtracting the 
second from the resultiag equation, we have, 

1625 + Qz =z 144. 

Multiplying this last equation by 3, and subtracting the 
preceding one, we obtain, 

40aj = 320; 
whence, aj = 8. 

Substitute this value for x in the equation, 

16a; + 82 = 144; 
it becomes, 120 + 82 = 144, 

whence, z = 3. 

Lastly, the two values, a; = 8, 2 = 3, being substituted 
in the equation, 

ex + y + 5z =z 68, 
give, 48 + y + 16 = 68, 

whence, ' y = 6. 

Therefore, in order to form a pound of the fourth ingot, 
we must take 8 ounces of the first, 5 ounces of the second, 
and 3 of the third. 

VEEIPICATION. . 

If there be 7 ounces of silver in 16 ounces of the first 
ingot, in eight ounces of it there should be a number of 
ounces of silver expressed by 

7x8 ; 
16 
In like manner, 

12 X 6 ,4X3 

-T6-* and -^^, 

will express the quantity of silver contained in 6 ounces of 
the second ingot, and 3 ouii^ of the third. 
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Now, we have, 

Y X 8 12 X 6 . 4 X 3 128 

= — = 8; 

16 ^ 16 ^ 16 16 ' • 

therefore, a pound of the fourth ingot contains 8 ounces of 
silver, as required by the enunciation. The siame conditioni 
may be verified with respect to the copper and pewter. 

3. A'^s age is double ^'5, and B^s is triple of <7'5, and the 
sum of all their ages is 140 : what is the age of each? 

Ans. A\s = 84 ; ^'5 = 42 ; and C's = 14. 

4. A person bought a chaise, horse, and harness, for £60 ; 
the horse came to twice the price of the harness, and the 
chaise to twice the cost of the horse and harness ; what did 
he give for each? i £13 6s. Sd. for the horse. 

Ans. -l £6 13s. id. for the harness. 

( £40 for the chaise. 

6. Divide the number 36 into three such paits that | of 

the first, ^ of the second, and ^ of the third, may be aH 

equal to each other. A^is. 8, 12, and 16. 

Q. If A and J5 together can do a piece of work in 8 days, 
A and C together in 9 days, and -B and C in ten days, how 
many days would it take each to perform the same work 
alone? Ans. A, 14J^; J?, l^H; (7, 23^V 

1. Three persons, A^ JB, and (7, begin to play together, 
having among them all $600. At the end of the first game 
A has won one-half of JB^s money, which, added to his own, 
makes double the amount -B had at first. In the second 
game, A loses and £ wins just as much as C had at the be- 
ginning, w^jen A leaves oif with exactly what he had at first : 
how much had each at the beginning ? 

Ans. A, $300 ; ^, $200 ; C $100. 

8. Three pei'sons, -4, J?, and (7, together possess $3640. 
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If B gives A 1400 of his money, then A will have 1320 
more than B\ but if B takes |140 of <7'« money, then B 
and C will have equal sums : how much has each ? 

Ana. A, $800 ; B, $1280; (7, $1560. 

9. Three persons have a bill to pay, which neither alone 
is able to discbarge. A says to J5, " Give me the 4th of 
your money, and then I can pay the bill." B says to (7, 
" Give me the 8th of yours, and I can pay it." But G says 
to Ay " You must give me the half of yours before I can 
pay it, as I have but $8 " : what was the amount of their 
bill, and how much money had A and B ? 

. j Araoimt of the bill, $13. 
•(.4 had $10, and ^$12. 

10. A person possessed a certain capital, which he placed 
out at a certain interest. Another person, who possessed 
10000 dollars more than the first, and who put out his capital 
1 per cent, more advantageously, had an annual income 
greater by 800 dollars. A thu-d person, who possessed 
16000 dollars more than the first, putting out his capital 2 
per cent, more advantageously, had an annual income greater 
by' 1500 dollars. Required, the capitals of the three per- 
sons, and the rates of interest. 

. ' j Sums at interest, $30000, $40000, $46000. 
* ( Rates of interest, 4 5 6 pr. ct. 

11. A widow receives an estate of $15000 from her de- 
ceased husband, with directions to divide it among two sons 
and three daughters, so that each son may receive twice as 
much as each daughter, and she herself to receive $1000 
more than all the children together : what was her share, 
and what the share of each child ? 

The widow's share, $8000 

Ans. { Each son's, $2000 

Each daughter's, $1000 
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12. A certain sum of money is to be divided between 
three persons, -4, J?, and G, -4 is to receive 13000 less 
than half of it, B llOOO less than one-third part, and C to 
receive $800 more than the fourth part of the whole : what 
IB the smn to be divided, and what does each receive ? 

Sum, 138400. 

A receives $16200. 

B « $11800. 

C « $10400. 



Arts, " 



13. A person has three horses, and a saddle which is worth 
$220; If the saddle be put on the back of the first horse, it 
will make his value equal to that of the second and third ; 
if it be put on the back 'Of the second, it will make his value 
double that of the first and third ; if it be put on the back 
of the third, it will make his value triple that of the first 
and second : what is the value of each horse ? 

Ans. 1st, $20 ; 2d, $100 ; 3d, $140. 

14. The crew of a ship consisted of her complement of 
sailors, and a number of soldiers. There were 22 sailors to 
every three guns, and 10 over ; also, the whole number of 
hands was five times the number of soldiers and guns to- 
gethei , But after an engagement, in which the slain were 
one-fourth of the survivors, there wanted 6 men to make 
18 men to every two guns: required, the number of guns, 
soldiers and sailors. 

Ans. 90 guns, 55 soldiers, and 670 sailors. 

16. Three persons have $96, which they wish to divide 
equally between them. In order to do this, A^ who has the 
most, gives to B and C as much as they have already ; then 
B divides with A and C in the same manner, that is, by 
giving to each as much as he had after A had divided witi 
them * then makes a division with A and J?, wh^ it is 
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fbond that they aL have equal sums : how mach had each 
at first? Am.' 1st, $62 ; 2d, |28 ; 3d, |16. 

16. Divide the number a into three such parts, that the 
first shall be to the second as mto n^ and the second to the 
third as jp to ^. 

_ amp __ anp __ anq 

"" mp'{-np+nq'* ^ "" inp+np-\-nq^ "~ mp-\-np-]rnq 

17. Three masons, -4, J?, and (7, are to buUd a wall. A 
and JB together can do it in 12 days ; B and (7 in 20 days ; 
and A and (7 in 15 days : in what time can each do it alone, 
and in what time can they all do it if they work together ? 

Ans. Ay in 20 days; £, in 30 ; and 0^, in 60 ; all, in 10. 
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CHAPTER VL 



FOBMAnON OF POWERS. 



118. A PowEB of a quantity is the product obtained by 
taking that quantity any number of times as a fector. 

If the quantity be taken once as a factor, we have the first 
power ; if taken twice, we have the second power ; if three 
times, the third power; if n times, the 7i'* power, n being 
any whole number whatever. 

A power is indicated by means of the exponential sign 
thus, 

a = «! denotes first power of a.* 
ay.a -^z c^ " square, or 2d power of a. 

ay.ay.a '=^ a^ " cube, or third power of a. 

'axaxaxa = a* " fourth power of a. 

axaxaxaxa = a* " fifthpowerofa. 

axaxaxa.... = a"» " m^* power of a. 

In every power there are three things to be considered : 

1st. The quantity which enters as a fiictor, and which is 
called the first power. 

2d. The small figure which is placed at the right, and 
a little above the letter, is called the exponefirvt of the 

* Since a* = 1 (Art 49), a* X a = 1 X a = a* ; so that the two 
factors of a\ are 1 and a. 

118. What is a power of a quantity? What is the power when the 
quantity is taken once as a factor ? When taken twice ? Three times f 
n times? How is a pqy^er indicated ? In every power, how many thingf 
are considered ? Name them. 
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power, and shows how many times the letter enters aa a 
factor. 

3d. The power itself which is the final product, or result 
of the multiplications. 

POWERS OF MONOMIALS. 

1 10. Let it be required to raise the monomial 2a^5^ to 
the fourth power. We have, 

(2aWY = 2a^P k 2a^b^ X 2aW X 2a^W^ 

which merely expresses that the fourth power is equal to 
the product which arises from taking the quantity four 
times as a factor. By the rules for multiplication, this pro- 
duct is 

from which we see, 

1st. That the coefBcient 2 must be raised to the 4th 
power; and, 

2d. That the exponent of each letter must be multiplied 
by 4, the exponent of the power. 

As the same reasoning applies to every example, we have, 
for the raising of monomials to any power, the following 

BULE. 

I. Raise the coeffieierU to the required power : 
n. Multiple/ the exponent of each letter by the efxponeM 
of the power, 

EXAMPLES. 

1. What is the square of 3a2y3p ^^^^ 9a*y«. 

119. What 18 the rule for raising a monomial to any power f When 
the monomial is positive, what will be the sig^ of its powers ? Whi?>D 
negative, what powrrs will be plus ? what minus ? 
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2. What is the cube of Qa^y^x? Arts. 216a**y«a5>. 

3. What is the fourth power of 2a V^* *^ 16a^V^^*^- 

4. What is the square of a^h^y^ ? Ana. d^b^^y^. 

6. What is the seventh power of a'^hcd^'i 

Am. ai*5Vdf«} 

6. What is the sixth power of a^V^G^d^ 

Ana. aWi'V2d«. 

7. What is the square and cube of — 2a*J2? 

Square. Cube. 

— 2a2*» — 2a2*» 

— 2aW - 2a2fta 



+ 4a*i*. + 4a*5* 

- 2a253 



— 8a«ft«. 

By observing the way in which the powers are formed^ 
we may conclude, 

1st. WTien the monomial ia poaitive^ all the power a toiU 
bepoaitive. 

2d. When the monomial ia negative^ aU evenpowera wiU 
bepoaitive^ and all odd will be negative. 

8. What is the square of — 2a*i« ? Ana. ^cfib^\ 

9. What is the cube of — Sa"*^ ? Ana. — 125a3«i«. 

10. What is the eighth power of --a^xy^ ? 

Ana. + a^7?y^\ 

11. What is the seventh power of — cTb^c ? 

Ana. ^ a'^V'^c\ 

12. What is the rixth p6wer of 2a5V ^ 

Ana. 64aW6y3o^ 
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18. What is the mnth power of — W^lx? ? 

Am. — a^*h^6^\ 
14. What is the sixth power of — Zab'^d'i 

Am. I29a*'b^^d: 

16. What is the square of — lOa^b^c^ ? 

Am. 100a2«52«c«. 

16. What is the cute of — 9a«ft" Jy^ ? 

Am. — 729a3*53»(^y*. 

17. What is the fourth power of ■— 4a^b^c^d^ ? 

Am. 266a2oji2^i6^20 

18. What is the cube of — 4a^b^''(^d? 

Am. — Q^a^b^^'c^d^ 

19. What is the fifth power of Id^'^xy ? 

Am. 82a"^iVy*. • 

20. What is the square of 20aj"y»c*? Am. iOOx^y^'^c^^. 

21. What is the fourth power of So^J^-c'? 

Am. 81a*«^V. 

22. What is the fifth power of — c^'d^'^^y'^ ? 

Am. — c*«c?i***a5i®^i^ 
28. What is the sixth power of — a»52"c»»? 

Am. a^*b^^*c^Jk 
24. What is the fourth power of — 2a^c^d^. 

Am. 16aVdf*2. 

POWERS OF FRACTIONS. 

120. From the definition of a power, and the rule for 
the multiplication of firactior.s, the cube of the fraction ^, is 

written, 

(aV __ « « a ^ a^ 
b) ^ b^l^l^ b^' 

120. What is the rule for raismg a fraction to anj power t 
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and since any fraction raised to any power, may be written 
under the same form, we find any power of a fraction by 
the following 

BULB. 

Raise the numerator to the required power for a new 
numerator^ and the denominator to the required power for 
a new denominator. 

The rule for signs is the same as in the last article. 

BXAICPLBS 

Find the powers of the following fractions : 



1. li^t ^, «•-""<'+ "^ 



2. 
3. 
4. 
6. 



(xyV 
\3bcl' 

\ 2ab r 



b^ 4- 2ftc + c2 


Ans. 




Ana, 


sB«y* 
16a*** 


Ana, 


4a2a.4y2 









8. Fourth power of f^. Am. "^^'^ 



2a!»y* ' leas^ys 

9. Cube of ^-^. Ans. ^ " ^c.^ + 3ay^ - y3 



X + y jb3 + dx^y + dxy^ -f y^ 
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10. Fourth power of r— — - • Arts, r-;r-i:r'rn ' 

11. Fifth power of — ,^ ^ ^ • -a/w. — Tr^r-rrri • 

^ ISy Pz9 B2y^Pz^9 

POWERS OF BINOMIALS. 

121. A Binomial, like a monomial, may be raised to any 
power by the process of continued multiplication. 

1. Find the fifth power of the binomial a + ft. 

a 4- ft 1st power. 

a 4- ft 



a2 4- aft 

4- aft 4- ft2 
a2 4- 2aft 4- ft2 
a 4- ft 


• • • 

ft3 

ft3 . . 


. . 2d power. 


a3 4- 2a2ft 4- 
4- a^ft4- 
a^ 4- 3a2ft 4- 
a 4- ft 


aft« 
2aft2 4- 

3aft2 4- 


. . 8d power. 


a* 4- 3a3ft 4- 
4- a'ft 4- 


3a2ft2 4. 
3a2ft3 + 


aft3 
3aft3 4- 


ft* 


a* -T 4a3ft 4- 
a 4- ft 


6a2ft2 4. 


4aft3 4- 


** 4th power. 


a» 4- 4a*ft 4- 
4- a*ft 4- 


6a3ft2 4. 
4a3j2 + 


4a253 4. ^4 
6a^3 4- 4aft* + ft« 


a» 4- 5a^ft 4- lOa^ft* + lOa^fta + Soft* 4- ft« JL/w. 



121. How may a binomial be raised to any power? 

122. How does the number of multiplications compare with the ex- 
ponent of the power? If the exponent is 4, what is the number of 
multiplications? How many when it is m? How many things are con* 
ffldered in the raising of powers ? Name them. 



Digitized by VjOOQ IC 



166 BLKMBNTART ALGEBRA. 

Note. — laa. It will be observed that the number of 
multiplications is always 1 less than the units in the expo- 
nent of the power. Thus, if the exponent is 1, no multipli- 
cation is necessary. If it is 2, we multiply once ; if it is 3, 
twice ; if 4, three times, Ac. The powers of polynomials 
may be expressed by means of an exponent. Thus, to 
express that a + b is to be raised to the 5th power, we 
write 

{a + bYi 

if to the mth power, we write 

(a + &)"•• 

2. Find the 6th power of the binomial a — ft. 

a— ft 1st power. 

i- ft 



a^— ah 

- aft + ft« 

a^ — 2aft 4-.ft^ 2d power. 

a — ft 

a3 - 2a2ft 4- aft^ 

— a^h -f 2aft2 — ft3 



^3 — ^a^h + afeft^ — ft3 .... 8d power. 

g -ft 

a* - 3a3ft + ZaW - oft' ^ 

- a^ft + 3a2ft2 - 3aft3 + ft< 

a^ — 4^3 J + 6a2ft2 — 4aft^ + ft* . 4th power. 
g -ft 

— a*ft + 4g3ft» - 6g2ft3 + 4gft* - ft* 

a» — 6g*ft + lOa^ft^ — lOa^ft^ + Soft* — ft* -4na. 
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In the same way the higher powers may be obtained. By 
examining the powers of these binomials, it is plain that four 
things must be considered : 

1st. The number of teims of the power. 
2d. The signs of the terms. 
3d. The exponents of the letters. 
4th. The coefficients of the terms. 

Let us see according to what laws these are formed. 

Of the Terms. 

123* By examining the several multiplications, we shall 
obseiTe that the first power of a binomial contains two terms; 
the second power, three terms ; the third power, four terms ; 
the fourth power, five ; the fifth power, six, &c. ; and hence 
we may conclude : 

That the number of terms in any power of a binomial^ 
is greater hy one than the exponent of the power. 

Of the Signs of the Terms. 

124. It is evident that when both terms of the given 
binomial are plus, aU the terms of the power wiU be plies. 

If the second term of the binomial is negative, then all 
the odd terms^ counted from the lefty wiU be positive^ offid 
aU the even terms negative. 



123. How many terms does the first power of a binomial contain? The 
second ? The third ? The nth power ? 

124. If both terms of a binomial are positive, what will be the signi 
of the terms of the power? If the second term is negative, how are tb« 
signs of the terms ? 
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Of the JEkcponents. 

125. The letter which occupies the first place in a bino- 
mial, is called the leading letter. Thus, a is the leading 
letter in the binomials a •}- bj and a — b, 

1st. It is evident that the exponent of the leading letter 
in the first term, will be the same as the exponent of the 
powei ; and that this exponent will diminish by one in each 
term to the right, until we reach the last term, when it will 
be (Art. 49). 

2d. The exponent of the second letter is in the first 
terra, and increases by one in each term to the right, to the 
last term, when the exponent is the same as that of the given 
powQr. 

3d. The sum of the exponents of the two letters, in any 
term, is equal to the exponent of the given power. This 
last remark will enable us to verify any result obtained by 
means of the binomial formula. 

Let us now apply these principles in the two following 
examples, in which the coefiicients are omitted : 

{a + bY . . . a» 4- a^b + a*^^ + a^b^ + a^b^ + ab^ -j-'b^ 
{a- by . . . a« - a^b + a^b^ - aW + a^b^ - o^* + b^. 

As the pupil should be practised in writing the terms with 
their proper signs, without the coefficients, we will add a 
few more examples. 

} 25. Which is the leading letter of a binomial ? What is the exponent 
of this letter in the first term ? How does it change in the terms towards 
the right ? What is the exponent of the second letter in the second term ? 
How does it change in the terms towards the right ? What is it in th« 
last term ? What is the sum of the exoonents in any term equal to ? 
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1. (a + by.. a^-^a^+ab^ f b\ 

2. (a — by . . a^-a^b+a^b'^— a¥ + bK 

3. (a ^by . . a^+a^b-)raW+a'^¥-\-ab^ + b\ 

Cy <Ae Coefficients. 

126. The coefficient of the first term is 1. The ooeffi 
cient of the second term is the same as the exponent of the 
given power. The coefficient of the third term is found "by 
multiplying the coefficient of the second term by the expo- 
nent of the leading letter in that term, and dividing the 
product by 2. And finally : 

If the coefficient of any term be mtUtiplied by the expo- 
nent of the leading letter in that term^ and the product 
divided by the number which marks the place of the term 
from the left^ the quotient will be the coefficient of tJie 
next term. 

Thus, to find the coefficients in the example, 

{a-by . . . a^- a^b 4- a^b^- a*b^+ a^b^- a^¥ + ab^- b\ 

we first place the exponent 7 as a coefficient of the second 
term. Then, to find the coefficient of the third term, we 
multiply 7 by 6, the exponent of a, and divide by 2. The 
quotient, 21, is the coefficient of the third term. To find the 
coefficient of the fourth, we multiply 21 by 6, and divide 
the product by 3 ; this gives 35. To find the coefficient of 
the fifth term, we multiply 35 by 4, and divide the product 
by 4 ; this gives 36. The coefficient of the sixth term, found 

126. What is the coefficient of the first term f What is the coefficient 
of the second term ? How.do you find the coefficient of the third term ? 
How do you find the coefficient of any term ? What are the coefficients 
of the first and last terms ? How are the coefficients of the exponents 
of any two terms equally distant from the two extremes? 
8 
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in the same way, is 21 ; that of the seyenth, 7 ; and tiiat of 
the eighth, 1. Collecting these coefficients, 

(a - 5)' = 

a' - la^b 4- 21a»52-36a*53 + Zba^h^— ^la^h^ + Idb^ — ft''. 

Note. — ^We see, in examining this last result, that thf 
coefficients of the extreme terms are each 1, a7id that the 
coeffiicients of terms equally distant from the extreme terms 
are equal. It will, therefore, be sufficient to find the coeffi- 
cients of the first half of the terms, and &om these th« 
others may be immediately written. 

BZAICPLBS 

1. Find the fourth power of a -h ft. 

Ans. a* + Wh + 6a2ft2 + 4aft3 + ft*. 

2. Find the fourth power of a — ft. 

Ans. a* — 4a3ft + Ca^fta - 4aft3 + ft*. 

8. Find the fifth power of a + ft. 

Ans. a« + 6a*ft + lOa^ft^ -f lOa^ft^ + Soft* + ft*. 

4. Find the fifth power of a — ft. 

Ans. a* - 6a*ft + lOa^ft^ — lOa^fts + jsa¥ - ft«. 

5. Find the sixth power of a -h ft. 

a« + 6a«ft + 16a*ft2 + 20a3ft3 + \ha^h^ + 6aft* + ft«. 

H. Find the sixth power of a — ft. 

a^ — 6a«ft + 15a*ft2 - 20a3ft3 + ISa^ft* - 6aft» + ft«. 

127. When the terms of the binomial have coefficients, 
we may still write out any power of it by means of the 
Binomial Formula. 

^. Let it be required to find the cube of 2c + 8rf. 
(a + ft)« = a» + 8a»ft + Soft* + V. 
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Here, 2c takes the place of a in the formula, and 2d the 
place of b. Hence, we have, 

{2c+Bdy- (2c)3+3.(2c)2.3c?+3(2c)(3<?)2+(3c?)3 . (1.) 

and by performing the indicated operations, we have, 

(2c + Bdy = 8c3 + 36c^c? + 5^cd^ + 2ld^ 

If we examine the second member of Equation ( 1 ), we 
see that each term is made up of three ^u^ors: 1st, the 
numerical fector; 2d, some power of 2c; and 3d, some 
power of Sd. The powers of 2c are arranged in descend- 
ing order towards the right, the last term involving the 
power of 2c or 1 ; the powers of 3c? are arranged in ascend- 
ing order from the first term, where the power enters, to 
the last term. 

The operation of raising a binomial involving coefficients, 
is most readily effected by writing the three fectors of each 
term in a vertical column, and then performing the multipli- 
cations as indicated below. 

Find, by this method, the cube of 2c + 3d. 







OPSRA.TION. 








I 


+ 


3 


+ 


3 


+ 


1 • 


Coefficients. 


8c3 + 


4c2 


+ 


2c 


+ 


1 


Powers of 2c 


1 


4- 


Sd 


+ 


9d^ 


+ 27c?3 


Powers of Sd 



(2c + dy = 8c3 + zec^d H- 54cd^ + 2ld^ 

The preceding operation hardly requires explanation. In 
the first line, write the numerical coefficients corresponding * 
to the particular power ; in the second line, write the de- 
scending powers of the leading term to the power ; in the 
third line, write the ascending powers of the following term, 
from the power upwards. It will be easiest to commence 
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the second line on the right hand. The multiplication should 
be performed from above, downwards. 

8. Fmd the 4th power of 3aV — 2bd, 

{a + by =z a* + 4a3ft + oa^ft^ + 4ab^ + &♦. 

1+4 +6 +4 +1 

81aV + 27a«c3 + 9a*c2 + ' Sa^c + 1 
1 ^ 2bd + 4*2rf2 _ 853c?3 + 16ft*dr . 

BlaV— 2iea^(^bd+ 2iea*(^b^d^ -- 96a^cb^d^ + ieb^d\* 

9. What is the cube of 3aj — 6y ? 

Ans. 2W — 162ar»y + B2ixy^ — 216y8. 

10. What is the fourth power of a — 35? 

Am. a* - 12a3ft + 54a^ll^ - lOSab^ + Slb\ 

11. What is the fifth power of c - 2d? 

Ans. c* — lOc^d + 40(^d^ - SOc^d^ + SOcd* — 32rf*. 

12. What is the cube of 6a — Sd? 

Ans. 126a3 — 225^2^ ^ U5ad^ - 2ldK 



*This Ingenioiu method of writing the development of a binomial fti dse to 
t"3ofcMoy WillulK G. ?mk, of Oolombla College. 
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CHAPTER Vn. 

SQUABS BOOT* BADICALS OF THB 8B00KD 
DBGBBB. 

ia§. The Squabb Root of a number is one of its two 
equal fiictors. Thus, 6 X 6 = 36 ; therefore, 6 is the square 
root of 36. 

The symbol for the square root, is ^ , or the fractional 
exponent \ ; thus, 

V^, or a , 

indicates the square root of a, or that one of the two equal 
fectors of a is to be found. The operation of finding such 
fector is called. Extracting the Square Moot, 

199. Any number which can be resolved into two equa\ 
integral factors^ is called b, perfect square. 

The following Table, verified by actual multiplication, m 
dicates all the perfect squares between 1 and 100. 

TABLB. 

1, 4, 9, 16, 25, 36, 49, 64, 81, 100, squares. 
1, 2, 3, 4, 6, 6, 7, iB, 9, 10, roots. 

128. What is the square root of a number ? Wha is the operation of 
finding the equal factor called ? 

129. What is a perfect square ? How many perfect squares are thert 
between I and 100, including both numbers ? What are thej? 
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We may employ this table for finding the square root of 
any perfect square between 1 and 100. 

Look for the number in the first line ; if it is found 
there^ its sqicare root will be found immediately under it. 

If the given number is less than 100, and not a perfect 
square, it will fall between two numbers of the upper line^ and 
its sqicare root will be found between the two numbers directly 
below ; the lesser of the two wiU be the entire part of the 
root^ and wiU be the true root to within less than 1. 

Thus, if the given number is 66, it is found between the 
perfect squares 49 and 64, and its root is 7 and a decimal 
fraction. 

Note.— There are ten perfect squares between 1 and 100, 
if we include both numbers ; and eight, if we exclude both. 

If a number is greater than 100, its square root will be 
greater than 10, that is, it will contain tens and units. Let 
JV denote such a number, x the tens of its square root, and 
y the units; then will, 

ir = {x + yY = iiD^+ 2xy + y^=z x^+ (2x + y)y. 

That is, the number is equal to the square of the tens in its 
roots, plus twice the product of the tens by the unitSj plus 
the square of the units, 

BXAMPLB. 

1. Extract the square root of 6084. 

Since this number is composed of more than 
two places of figures, its root will contain more 60 84 

than one. But since it is less than 10000, which 
is the square of 100, the root will contain but two figures; 
that is, units and tens. 
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Now, the square of the tens must be found in the two 
left-hand figures, which we will separate from the other two 
by putting a point over the place of units, and a second over 
the place of hundreds. These parts, of two figures each, 
are called periods. The part 60 is comprised between the 
two squares 49 and 64, of which the roots are 7 and 8 ; hence, 
7 expresses the number of tens sought / and the required 
root is composed of 7 tens and a certain number of units. 

The figure 7 being found, we 
write it 9n the right of the given 60 84 

number, from which we separate 49 



78 



it by a vertical line : then we 7 X 2 = 14 8 1 118 4 
subtract its square, 49, from 60, 118 4 

which leaves a remainder of 11, 

to which we bring down the two 

next figures, 84. The result of this operation, 1184, con- 
tains twice the product of the tens by the units^ plus th^ 
square of the units. 

But since tens multiplied by units cannot give a product 
of a less unit than tens, it follows that the last figure, 4, can 
form no part of the double product of the tens by the units; 
this double product is therefore found in the part 118, which 
we separate from the units' place, 4. 

Now if we double the tens, which gives 14, and then 
divide 118 by 14, the quotient 8 will express the unitSy or a 
number greater than the units. This quotient can never be 
too small, since the part 118 will be at least equal to twice 
the product of the tens by the units ; but it may be too 
large, for the 118, besides the double product of the tens by 
the units, may likewise contain tens arising from the square 
of the units. To ascert^ if the quotient 8 expresses the 
right number of units, we write the 8 on the right of the 14, 
which gives 148, and then we multiply 148 by 8. This 
multiplication being effected, gives for a product, 1184, a 
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number equal to the result of the first operation. Hav- 
ing subtracted the product, we find the remainder equal 
to ; hence, 78 is the root required. In this operation, 
we form, 1st, the square of the tens; 2nd, the double 
product 01 the tens by the units; and 3d, the square of 
the units. 

Indeed, in the operations, we have merely subtracted from 
the given- number 6084 : 1st, the square of 7 tens, or of 70 ; 
2d, twice the product of 70 by 8 ; and, 3d, the square of 8 ; 
that is, the three parts which enter into the composition of 
the square, 70 -f 8, or 78 and since the result of the sub- 
traction is 0, it follows tha*; 78 is the square root of 6084. 

130. The operations in the last example have been per- 
formed on but two periods, but it is plain that the same 
methods of reasoning are equally applicable to larger num« 
bers, for by changing the order Qf the units, we do not 
change the relation in which they ^tand to each other. 

Thus, in the number 60 84 95, the two periods 60 84, 
havo the same relation to each other as in the number 
60 84 ; and hence the methods used in the last example are 
equally applicable to larger numbers. 

131. Hence, for the extraction of the square root of 
numbers, we have the following 

BULB. 

I. Point off the given nunfher into periods of two figures 
each^ beginning at the right hand: 

n. Note the greatest perfect square in the first period on 
the lefty and place its root on the rights after the manner of 

181. Give the rule for the extraction of the square root of numbers f 
What is the first step ? What the seo md? What the thurd ? What (he 
fourth? What the filth? 
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a quotient in division / then subtract the square of this 
root from the Jirst period^ and bring dovm the second period 
for a remainder: 

in. Double the root already fou/nd^ and place the result 
on the left for a divisor. Seek how many times the divisor 
is contained in the remainder^ exclusive of the right-hand 
figure^ and place the figure in the root and also at the right 
of the divisor : 

rV. Multiply the divisor^ thjLS augmented^ by the last 
figu/r^ of the root^ and subtract the product from the re- 
mainder^ and bring dovm the next period for a new remain- 
der. But if any of the products should be greater than 
the remainder^ diminish the last figure of the root by one : 

V. Double the whole root already founds for a new di- 
visor^ and continue the operation as before^ until all the 
periods are brought down. 

133. Note. — 1. If, after all the periods are brought 
down, there is no remainder, the given number is a perfect 
square. 

2. The number of places of figures in the root will always 
be equal to the number of periods into which the given 
number is'divided. 

3. If the given number has not an exact root, there will 
be a remainder after all the periods are brought down, in 
which case ciphers may be annexed, forming new periods, 
for each of which there will be one decimal place in the root. 

132. What takes place when the given number ia a perfect square t 
flow many places of figures will there be in the root? If the given num- 
ber is not a perfect square, what may be done after all the periods are 
brought down ? ' 
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EXAMPLES. 

1. What is the square root of 86V29 ? 



In this example there are 
two periods of decimals, 
and, hence, two places of 
decimals in the root. 



8 67 29 1 191.64+ 
1 



29 



267 
261 



381 



382 6 



629 
381 



24800 
22956 



3832 4 



184400 
153296 



31104 Rem. 

2. To find the square root of 7225. Ana. 85. 

3. To find the square root of 17689. Ans. 133. 

4. To find the square root of 994009. Ana. 997. 

5. To find the square root of 85673536. Ana. 9256. 

6. To find the squaie root of 67798756. Ana. 8234. 

7. To find the square root of 978121. Ana. 989. 

8. To find the square root of 956484. Ana. 978. 

9. What is the square root of 36372961 ? Ana. 6031. 

10. What is the square root of 22071204 ? Ana. 4698. 

11. What is the square root of 106929? Ana. 327. 

12. What of 12088868379025 ? Ana. 3476905. 

13. What of 2268741 ? Ana. 1506.23 +. 

14. What of 7596796? Ana. 2756.22 +. 

15. What is the square root of 96 ? Ana. 9.79795 +. 

16. What is the square root of 153? Ana. 12.36931 +. 

17. WW is the ft^juare roo^ of 101 ? Ana. 10.049B7 +• 
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18. What of 286970396644? Am. 634762. 

19. What of 41606800626 ? Ans. 2039Y6. 

20. What of 48303584206084? Ans. 6950078. 

BKTBACnON OF THB SQUABS BOOT OF FBACnONS. 

188. Since the square or second power of a fraction is 
obtained by squaring the numerator and denominator sepa- 
rately, it follows that • 

The square root of a fraction will he eqtml to ths square 
root of the numerator divided by ths square root of the 
denominator. 

For example, the square root of tj is equal to j- : for, 

Cr O 

a a ^a^ 

_ 1. What is the square root of j? Ans. - • 

9 3 

2. What is the square root of — ? Ans. - • 

lo 4 

f\A. ft 

8* What is the square root of — ? Ans. - • 

4. What is the square root of — - ? Ans. -— • 

1 A 1 

6. What is the square root of ~ ? Ans. -• 

-rrr, . , ^ 4096 « - 64 

6. What IS the square root of ^,^^^ r Ans* -—■ • 

^ 61009 247 

•r \m. 4.- *!, 4. ^ 682169^ . 763 

7. What IS the square root of r Ans. —- • 

ixs. To what Is the tqjmte root oft fra^ou e<|iial f * 
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184. If the numerator and denominator are not perfeci 
squares, the root of the fraction cannot be exactly found. 
We can, however, easily find the approximate root, 

BULB. 

Multiply both terms of the fraction by the denominator: 
Then extract the square root of the numerator^ and divide 
this root by the root of the denominator ; the quotient will 
be the approximate root, 

1. Find the square root of - • 

5 

Multiplying the numerator and denominator by 5 

1-n4I = ^ = (-'-+)*»' 

hence, (3.8729 +) -5- 6 = .7746 + = Ans. 

7 

2. What is the square root of -r ? Ans. 1.32287 +. 

4 

14 
8. What is the square root of — ? Ans, 1.24721 +. 

4. What is the square root of 11—? Ans, 3.41869 h. 

lo 

13 

6. What is the square root of *1-^ ? Ans, 2.71313 +. 

36 

6. What is the square root of 8-~ ? Ans, 2.88203 +. 

4y 

7. What is the square root of -— ? Ans, 0.64549 +. 



12 



8. What is the square root of 10—? Ans. 3.20936 +, 



10 



184. What is the rule when the numerator and denommator are nol 
perfect squares ?• 
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185. Finally, instead of the last method, we may, if we 
please, 

Change the common fraction into a decimaJy and continue 
th£ division until the number of decimal places is double 
the number of places required in the root. Then extract 
the root of the decimal by the last rule. 

EXAMPLES. 

1. Extract the square of — to within .001. Thisnmn- 

ber, reduced to decimals, is 0.785714 to within 0.000001 ; but 
the root of 0.785714 to the nearest unit, is .886; hence, 

0.P86 is the root of --r to within .001. 
14 

2. Find the v/s^ to within 0.0001. Ans. 1.6931 +. 

3. What is the square root of r^ ? Ans. 0.24253 +• 

7 

4. What is the square root of - ? Ans. 0.93541 +. 

8 

6. What is the square root of - ? Ans. 1.29099 +. 

o 
KXTRACnON OF THE SQUARE ROOT OF M0NOMLAL8. 

136. In order to discover the process for extracting the 
square root of a monomial, we must see how its square is 
formed. 

By the rule for the multiplication of monomials (Art. 42), 
we have, 

{^aWcY = ha^b^c x ha^bH = 25a'b^c^i 

186. What is a second method of finding the approximate rootf 

186. Give the rule for extractdng the square root of monomials t . , 
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that is, in order to equare a monomial, it is necessary t« 
square its coefficient and double the eo^xment of each ofths 
letters. Hence, to find the square root of a monomial, we 
have the following 

BITLB. 

I. Extract the square root of the coefficient for a new 
coefficient: 

n. Divide the exponent of each letter by 2, and th&i 
annex aU the liters with tJieir new eaponents. 

Since like signs in two factors give a plus sign in the pro- 
duct, the square of — a, as well as that of + a, will be 
+ a^i hence, the square root of a^ is either + a, oi 
— a. Also, the square root of 25a^b\ is either 4- 5a^, 
or — 5a^2^ Whence we conclude, that if a monomial is 
positive, its square root may be affected either with the sign 
+ or — ; thus, V^ = ± ^a^ ; for, + da^ or ^ 3a^ 
squared, gives -',' 9a*. The double sign ±, with which the 
root is affectef', is read plus and minus. 

BXAMPLBS. 

1. What IS the square root of 64a^6* ? 

-v/64a6^ = +8a3ft2; for +Sa^b^x +Sa^b^=z +64a«J« 
and, v^4a^ = — Sa^ft^; for -Sa^^x -Sa^b^=z +64a«5* 
Hence, -/64a«ft* = ± Sa^b\ 

2. Find the square root of 625a^b^e^. ± 25aJb^c^. 

3. Find the square root of 676a*6V. ± 24d^l^(^. 

4. Find the square root of 196aj^yV. ± l4Qi^yz\ 

5. Find the square root of 441aWcio^i6^ ^ 21a^b^c^d\ 

6. Find the square root of iQ^a^^^^c^^d^ ± 28aWc®J. 
1. Find the nqaste root of Slcfib^efi. ± M^SV. 
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Notes. — 187. 1. From the preceding rule it follows, 
that when a monomial is a perfect square, it8 numeric(u 
coefficient is a perfect square^ and aU its exponents even 
numbers. Thus, 2ba^V^ is a perfect square. 

2. If the proposed monomial were negative^ it would be 
impossible to extract its square root, since it has just been 
shown (Art. 136) that the square of every quantity, whether 
positive or negative, is essentially positive. Therefore, 

V— 9, -/— 4a2, -/- 8a2J, 

are algebraic symbols which indicate operations that cannot 
be performed. They are called imaginary qiuintities^ or 
rather, im^aginary eapressionSj and are frequently met with 
in the resolution of equations of the second degree. 

DfPEBFECr SQUABBS. 

138. When the coefficient is not a perfect square^ or 
when the exponent of any letter is uneven^ the monomial is 
an imperfect square : thus, 98aft* is an imperfect square* 
Its root is then indicated by means of the *adical mgn ; thua. 



Such quantities are called, radical quantities^ or radicals of 
the second degree : hence, 

A RADICAL QUAinTTY, Is the indicated root of an imperfect 
power. 



137. When is a monomial a perfect square? What monomials are 
Ihese whose square roots cannot be extracted ? What are such expres- 
iions called ? 

188. When is a monomial an imperfect square ? What are gadi qna» 
MbBciOMlf What is a radioal quantity t 
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TRANSFOEMATION OF EADICALS. 

139.* Let a and b denote any two nmnbers, and jl 
the product of their square roots : then, 

^ X ^/b = p (1.) 

Squaring both members, we have, 

a X b = p^ • . . . (2.) 
Then, extracting the square root of both members of (2 ), 

V^ = p (3-) 

And since the second members are the same in Equations 
(1) and (3), the first members are equal: that is, 

7%e sqicare roet of the product of two qucmtities is equal 
to the product of their square roots. 

140. Let a and b denote any two numbers, and q 
the quotient of their square roots; then, 



$=^ *'•> 

Souaring both members, we have, 

f = ?* (2.) 

then extracting the square root of both members of (2), 

/a 



v! 



J = » (») 

and since the second members are the same in Equations ( 1 ) 
and ( 3 ), the first members are equal ; that is, 

189. To what is the square root of the product of two quantities equal t 
140. To what is the square root of the quotient of two quaotltiai 
equal? 
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TJie square root of tJie quotient of two quantities is equal 
to the quotient of their square roots. 

These principles enable us to transform radical expres- 
sions, or to reduce them to simpler forms ; thus, the expres- 
sion, 

98aJ* = 49** X 2a ; 

hence, -/OSaJ* = -y/^W x 2a; 

and by the principle of (Art. 139), 

. ^i9b* X 2a = Vi9^* X V^ = 1b^V2a> 
In like manner, 

y^45a^b^c^d = '\/9a^b^c^ X bhd = Sabc\/Ebd. 
-v/seioW^ _- y^iua^^^c^o X Qbc = I2ab^c^^^/ebc. 

The coEPFicrENT of a radical is the quantity without the 
sign ; thus, in the expressions, 

W\^, Babc^/Ebd, I2ab^c^\/6bc, 

the quantities 7*% Babe, I2al>^c\ are coefficients of the 
radicals. 

141 • Hence, to simplify a radical of the second degree, 
we have the following 

BULB. 

I. Divide the expression under ths radical sign into two 
factors^ one of which shall be a perfect square : 

n. EoEtract the square root of the perfect square^ and 
then multiply this root by the indicated square root of the 
remaining factor. 

141. Give the rule for simplifying radicals of the second degree. How 
do you determine whether a given number has a factor which is a perfect 
square f 
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Note. — To determine if a given number has any &ctor 
which is a perfect square, we examine and see if it is divi- 
sible by either of the perfect squares, 

4, 9, 16, 26, 36, 49, 64, 81, &c.; 

if it is not, we conclude that it does not contain a fector 
which is a perfect square. 

examples* 
Reduce the following radicals to their simplest form : 



1. ^/'Jba^hc. 



2. ^I2%b^a^d\ 

3. ^320^. 

4. -v/256a2^. 



6. -/l024aWc». 
6. y/n^a?¥c^d. 
1. ^Q1ba?¥c'd. 
8. ^\Uba^(fidK 



Ans. Ba^Zdbc 

Am. %h^aH^/2b. 

Ans. 4a*6*y2ac. 

Am. 16a*V. 

Am. Zla^Wi^-y/c^. 

Am. 27a^6VVaM 



9. yiOOSoWW. 



10. V2i5CaiWc«. 

11. ^^^ha^¥d\ 



Am. XhaWc^Zahd. 

Ans. l^ac^d^'^ba. 

Am. 12a*rf3m*'v/7a^ 

Am. 14a«^V-v/ll^ 

Am. ^aWd^^y/ha. 



149. Notes. — 1. A coeffidmt^ or a factor of a co^ 
cient^ may be carried under the radical sign, by squ/ouring it. 
Tl^us, 

1. Sa^y^ = ^{Sa^y x be = y^Qc^bc. 

2. 2ab^ = 2^/c^¥d = -y/ioWd. 

142. How may a coefficient or factor be carried under the radical sign 
To what is the square root of a negats^e quantity equal ? 



Digitized by 



Google 



ADDITION OF* BAD10AL8. 



187 



8. 4{a+b)y^a^=zi^{a+by(a-b)=4^/.{a^-b^){a'\'b) 
4. 6*6v^2 __ ^2 - s-v^ftVCa^— c2). 

2. The square root of a negative quantity may also bo 
amplified; thus, 

-/ITq = y^9 X - 1 = v^ X -/^^ — 3-/^, 

and, -/— 4a» = ^y/ic^ x -/— 1 = 2a'/— 1 ; also, 

-/— Sa^ft = V'4a2x —26 = 2aV'-26 = 2aV^ x \/^; 

that is, the square root of a negative quantity is equal to 
the square root of the same quantity with a positive sign^ 
multiplied into the square root of — 1. 



Reduce the following: 



1. y^^4a^\ 



2. V— l2Ba^bK 
8. V--~^2aWc«. 



4. -v/- 48a^bc^. 



Ans. %aby/ — 1. 

Ans. Sa^J^y^yCTi, 

Ans. ^aW(^^/2c^^J'^. 

Ans. 400^/30^ v^^. 



ADDITION OF RADICAXS. 

143. SiMiLAB Radicals, of the second degree, are those 
in which the quantities under the sign are the same. Thus, 
the radicals ^^/b^ and hc^/b are dmilar, and so also are 
9-v/2, and 1^/2, 

144. Radicals are added like other algebraic quantities; 
hence, the following 

143. What are similar radicals of the second degree ? 

144. Give the rule for the addition of radicals of the second degree t 
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BULB. 

'L If tJie radicals are similar^ add their co^fficierUs^ and 
to the 8um annex the common radical : 

JL If the radicals are not similar^ connect them togethet 
vsith tJieir proper signs. 

Thus, 3a V^ + 6c V* = (3a + 5c) V*. 
In like manner, 

»v^ + 3V^ = (^ + 3)v^ = loy^. 

Notes. — 1. Two radicals, which do not appear to be sim- 
ilar at first sight, may become so by transformation (Art. 
141.) 

For example, 

V58aP + h^/lba = Ah-y/Za + SjySa = 9*-v/3a; 
2^45 + 3^/5 = e-v/s + 3-v/5 = 9^5. 
2. When the radicals are not similar, the addition or sub- 
traction can only be indicated. Thus, in order to add S-v/ft 
to 5 \/a, we write, 

e-y/a + sy^. 

Add together the following : 



1. V27a2 and -/48a2. 


Ans. *la^/^. 


2. V^a*52 and V^2a**«, 


Ans. lla^^/2. 


3. ^^^ „a VS- 


Ans.4a^^^. 


4. 'v/125 and -/600a3. 


Ans. (5 + 10a) v^ 


r /50 , /lOO 
'• V 14Y ^^ V 294 


Ans.'^Vi. 
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6. ^980^ and -/36a^ — B6a\ 

Ana. 1a^\/2x + eyar^ — a\ 

1. -y/oSc^ and -/288a*JB«. Am. {*Ia + I2a^x^)^^^. 

8. V^ and ^/T2S. Ana. 14^2". 

9. V^ and -y/v^. Ana. 10 y^ 

11. 2Va2^ and 3-/64&B*. Ana. (2a + 2ix^)y/b. 

12. -v/243 and lO-v/363. ^/i5. 119^5", 

13. ^S20a^b^ and ^2450^. ^/w. (8a5 + '^a*^^)v^ 

14. -y/lda^ and VioOo^. ^wa. {5a^^ + lOa^b^)^. 



SUBTRACTION OF RADICALS. 

145. Radicals are subtracted like other algebraic quan- 
tities ; hence, the following 

BULE. 

1. If the radicala are aimilar^ aitbtract the coefficient of 
the auhtrahend from that of the minuend^ and to the differ- 
ence annex the common radical: 

n. If the radicala are not aimUar^ indicate the operation 
by ths minua sign. 

EZAMPLBS* 

1. What is the difference between 3ay^ and a>^f 
Here, 3aV^ — a-y/b = 2a^/b. Ana. ' 



146. Oire the role for the subtraction of radicals. 
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2. Prom 9aV2W 8ubtra<*.t 6ay/2W. 
First, 9av^W = 21ab^, and 6aV2W = ISaby/s ; 
and, 27a^v^ — ISab^ = 9a^V3. -4/w. 

Find the differences between the following : 

3. y/fE and y/is. Ans. ySi 

4. ^4c^ and ySi^. ^n«, (2aft — 8*2)^/^". 



4 , 

Ans. ttV^IS. 
45 



6. VT28a^ and V^2^. ^tw. {Sab — 4a*) y^ 

7. -v/Jso^ and y^oft, -4n«. 4a^-v/3a^ — syofti 

8. ^2420^ and y/2a^b\ Am. {llaW - a6)V^a^ 

10. -/320a2 and ^SOa\ Ans. 4a\/^. 

11. -v/mo^ and '/245aftc2rf3. 

u4m. (12aJ — 1cd)\^5ab. 

12. V^SeSo^P and y^OOo^^. Ans. 12ab\/2. 
18. i/ll2aW and '/28aW. ^n«. 2a*ft3y^ 



MULTIPLIOATION OF RADICALS. 

146. Radicah^are multiplied like other algebraic quan- 
tities ; hence, we have the following 

BULB. 

L MuUiply the coefficients together for a new coefficieni: 
146. GiTe the rule fbr the multiplication af radic$]s. 
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n. Multiply together the quantities under the radical 
rigns: 
lEL Tlien reduce the result to its sim^nlest form. 

1. Multiply Say/Fc by 2Va^. 

Sa\/bc X 2V^ = 305 X 2 X y^ X V^- 
which, by Art. 139, = 6a\/b^ac = 60^^/00. 

Multiply the following : 

2. S-v/So^ and 4y^0a. -47W. 120a VS. 

3. 2a^\/bc and 3ay?Ic. -4/w. Ba^Jc. 

4. 2av^-M^ and -3aV^-f62. ^. — 6a2(a2+ ^M 
6. 2ab^a + b and oc-v/a — 6. Ana. 2a^bc^a^ — 5^. 
6. 3y^ and 2-v/8. -4n«. 24. 
1. fVlo^ft and TSffVlc^S. ylw^. i^abc^/l^. 
8. 2aj + V^ and 2a; — y^. -4n«. 4{b2 — J. 



9, ^y/^r+ 2V^ and -/a — 2y/b. Ana. ^a^ - 46. 
10. 3aV27a3 by V^- -^^- ^«'V^ 



DIVISION OF RADICALS. 

14T. Radical quantities are divided like other algebraic 
quantities ; hence, we have the following 

BULB. 

L Divide the coefficient of the dividend by tTie coeffieient, 
of tJie divisor^ for a new coefficient : 

147. Give the rule for the ^Tision of radicals. 
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IL Divide the quantities under the radicals^ in the same 
manner: 
EL Then reduce the result to its simplest fomu 

EXAMPLES. 

1. Divide 8av^ by 4av^. 

8a .*. . . 

•7- = 2, new coefficient. 
4a 

hence, the quotient is 2 X - = — • 

2. Divide 6a V% by 2JVc. -47W. 'njx/"^ 

8. Divide 12aey/^ by 4C'v/26. -4w«. 8a-v/3c. 

4. Divide 6a-v/96^ by Sy^. Ans. Aai^. 

6. Divide 4a2-v/60«J* by 2a2v^. -4/w. 2ft2yYo. 



6. Divide 2ea^^/8la^b^ by 13av/9a*. -4. 6a^b^^. 

7. Divide 84a36*'/27ac by 42ab^^. A. Qa^b^-y/c. 

8. Divide Vl^ by y^. ^tw. la. 

9. Divide ea^J^y^oo^ by 12V5a. Ans. a^V^. 

10. Divide Ca-v/ioft^ by Sy^. ^w«. 2aftv^. 

11. Divide 48**VT5 by 2b^^ Ans. 860R 

12. Divide Sa^b*(^y^1d^ by 2a^/2Sd. Ans. 2ab^(^d. 

13. Divide 96aVy^983« by 480^^2*. ^. Ua^bc^. 
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14. Divide 27a*6«V21a3 by y^- ^^' 27a«*«V8. 
16. Diviie 18a®6«VSa* by 6aftv^. Ana. Qa^^^. 

SQUARE BOOT OF POLYNOMIALS. 

148> Before explaining the rule for tte extraction of the 
square root of a polynomial, let us first examine the squares 
of several polynomials: we have, 

(a + by = a» + 2aft + b\ 

(a + J + c)3 = a* + 2a5 + S» + 2(a + S)c + <5*, 

(a + S + c + (?)^ = a2 + 2aS + ^2 4. 2(a + i)c + o* 

+ 2{a+ b + c)d + <P. 

The lav) by which these squares are formed can be enun 
dated thus : 

The square of any polynomi(d is equal to the square of 
the first temiy plus twice the product of the first term by the 
secondj pkbs ths square of the second; plus twice the first 
two terms multiplied by th^ thirds plus the square of the 
third ; plus twice the first three terms multiplied by the 
fourth^ plus ths square of the fourth ; and so on, 

149. Hence, to extract the square root of a polynomial, 
we have the following 

BULB. 

L Arrange the polynomial with rrference to one of its 
letters^ and extract the square root of the first term: this 
wiU give the first term of ths root : 

148. What is the equare of a binomial equal tof What ia the square 
of a trinomial equal to ? To what is the square of any polynomial equal f 

149. Oire the rule for extracting the square root of a polynomial f 
What ii the first step? Wlrat the second ? What the third ? What the 
fourth? 

d 
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n. Divide the second term of the polyfumtxal by douUe 
^ first term of the root^ and the quotient wiQ he the second 
term of the root: 

UL Then form the square of the algebraic sum, of the 
two terme of the root founds and subtract it from the first 
polynomial^ and then divide the first term of the remainder 
by double the first term of the rooty and the quotient toiU be 
the third term : 

rV. Form the double product of the sum of the first and 
second terms by the thirds and add the square of the third ; 
then subtra<^ this result from the last remainder^ and divide 
the first term of the result so obtained^ by double the first 
term of the rooty and the quotieiU will be the fourth term. 
Then proceed in a similar manner to find the other terms. 

BXAMPLBS. 

1. Extract the square root of the polynomial, 

49a2i2 _ 24a^3 + 26a* — ZOa^b + 16ft*. 
First arrange it with reference to the letter a, 
25a* - ZOa^b + 49a*J2 _ 240^^ + 16ft* I ba^ ~ 8aft + 4ft> 

25a* - ZOa^b + Oa^ft^ I lOa^ 

40a2^2 _ 24aft3 + 16ft* . . \st Rem. 
40a^ft» - 24aft3 + 16ft* 

2d Bern. 

After having arranged the polynomial with reference to 
€R, extract the square root of 26a* ; this gives Sa^, which 
is placed at the right of the polynomial : then divide the 
second term, — SQa% by the double of 6a% or lOa^; 
the quotient is — Sab^ which is placed at the right of 5 a*, 
Hence, the first two terms of the root are 5a* — 3aft. 
Squaring this binomial, it becomes 26a* — SOa^b + Oa^ft*, 
which, subtracted from the proposed polynomial, gives a 
remainder, of which the first term is. 40a^ft*. Dividing this 
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first term by I0a\ (the doable of Sa^), the quotient i« 
4- 4^2 . tiiig is the third term of the root, and is written on 
the right of the first two terms. By forming the double 
product of 5a^ — Sab by 4^, squaring 4b\ and taking 
the sum, we find the polynomial 40a2^2 _ 240*^ + 16^*, 
which, subtracted from the first remainder, gives 0. There- 
fore, 5a^ — Sab + 4ft2 is the required root. 

2. JFmd the square root of a*+ 4a^x+6a^+4aa^+ a^ 

Ana. a*+ 2ax + x\ 

8. Find the square root of a*— 4a^+6a^— 4035^4- 05*. 

Arts, a* — 2ax + a?. 

4. VmSi the square root of 

4aj« + 12aj* + 6aj* - 2a^ + Yaj^ - 2aj + 1. 

Ana. 2a53 + 3as2 — « + 1. 

5. Find the square root of 

9a* - 12a8ft + 2^a^V^ - IBoft^ + 16^*. 

Ana. 3a2 ^ 2ab + 4*», 

6. What is the square root of 

aj* -.40053 + 4a«aj2 — 4flj2 + 8a« -f 4? 

-4r^. 05^ _ 2ax — 2. 

?• What is the square root of 

9052 — 12aj + 6ajy + y^ — 4y + 4 ? 

Ana. 3oj + y — 2. 

8. What is the square root of y* — 2y^^ + 2aj2 — 2y* 
4- 1 + 85* ? . -4/w. y2 - 0^ — !• 

9. What is the square root of 9a*ft* - SOa^b^-\- 25a^'^? 

Ana. Sa^b^ - Sab. 
10. Find the square root of 
25a*ft» ^ 40a36«c + YCa^^c* - 4Bab^c^ f 36dV - BOa^ba 
+ 24a3Jc2 - 36a2^ 4- ^c^c\ 

Ana. fia^b - 8a»c - 4a4c 4 «*e2. 
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150. Wd will conclude this subject with the following 
remarks : 

1st. A binomial can never be a perfect square, since we 
know that the square of the. most abnple polynomial, viz., 
a binomial, contains three distinct parts, which cannot ex- 
perience any reduction amongst themselves. Thus, the 
expression a^ + 6% is not a perfect square ; it wants the 
term ± 2ai, in order that it should be the square of a ± 6. 

2d. In order that a trinomial, when arranged, may be a 
perfect square, its two extreme terms must be squares, and 
the middle term must be the double product of the square 
roots of the two others. Therefore, to obtain the square 
root of a trinomial when it is a perfect square : Mctract the 
roots of the ttoo extreme terms^ and give these roots the swine 
or contrary signs^ according as the middle term is positive 
or 7iegative, To verify ity see if the double product of the 
two roots is the same as the middle term of the trinomial. 
Thus, 

9a^ — 48a*6* + 64a^6*, is a perfect square, 

since, i/9a« = 3a^ and y^eio^^ = — Sab^ ; 

and also, 

2 X 3a3 X — Soft* = — 4Sa^P = the middle term. 

But, 4a* + 14aJ + 9b^ is not a perfect square : for, 
although 4a* and + 96* are the squares of 2a and 8&, 
yet 2 X 2a X db is not equal to 14ab. 

3d. In the series of operations reqjiired by the general 
rule, when the first term of one of the remainders is not 
exactly divisible by twice the first term of the root, we may 

150. Can a binomial eyer be a perfect power? Why not? When is 
a trinomial a perfect square? When, in extracting the square root, we 
find that the first term of the remainder is not diviuble by twice the root, 
is the polynomial a perfect power or not? 
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conclude that the proposed polynomial is not a perfect 
square. This is an evident consequence of the course of 
reasoning by which we have arrived at the general rule for 
extracting the square root. 

4th. When the polynomial is not a perfect square^ it may 
sometimes be simplified (See Art. 139). 



Take, for example, the expression, ^a^h + ^dJ^lP- + ^ah^. 

The quantity under the radical is not a perfect square ; 
but it can be put under the form (ib(a^ + ^ah + 4^^ j 
Now, the factor within the parenthesis is evidently the 
square of a 4- 25, whence, we may conclude that, 

^/(j^h + ^aW + 4a53 ^ {a ■\- 25) -y/o^. 



2. Reduce 'v/2^5"^^^^^ia52"+^3 to its simplest form. 

Ane. (a — V) V26. 
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CHAPTER Vm. 

BQUATI0K8 OF THB 8BC0ND PBGBBB. 
EQUATIONS CONTAININO ONB UNKNOWN QUANTITY. 

151. An Equation of the second degree containing bii- 
one unknown quantity, is one in which the greatest exponent 
is equal to 2. Thus, 

aj? = a, ofic* + ^ = c, 

are equations of the second degree. 

159. Let us see to what form every equation of the 
second degree may be reduced. 
Take any equation of the second degree, as, 

(1 +«)»-?«- 10 = 6 - I + ^• 

Clearing of fractions, and performing indicated operational 
we have, 

4 + 8a5 + 4a52 — 3a5 — 40 = 20 — « + 2aj«. 

Transposing the unknown terms to the first member, the 
known terms to the second, and arranging with reference to 
the powers of as, we have, 

4a52 — 2as2 + 8a5 - 3a5 + a? = 20 + 40 — 4 ; 

161. What is an equation of the second degree ? Giye an example. 

162. To what form may every equation of the second degree be reducedf 
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and, by redudng, 

2a53 + 685 = 66 ; 

dividing by the coeflSdent of x^^ we have, 

a^+ Bx =: 28 

If we denote the coefficient of x by 2/>, and the second 
member by g', we have, 

a5» + 2/xB = q. 

This is called the redtcced equation. 

153. When the reduced equation is of this form, it con-. 
tains three terms, and is called a complete eqiuition. The 
terms are, 

FiBST Term. — ^The second power of the unknown quan- 
tity, with a plus sign. 

Second Term. — ^The first power of the unknown quantity, 
with a coefficient. 
Third Term. — ^A known term, in the second member. 

Every equation of the second degree may be reduced to 
this form, by the following 

BULB. 

L Char the equation offroGtiona^ amd perform all the 
indicated operations : 

n. Transpose all the unknovm terms to the first member^ 
and aU the known terms to the second member : 

168. How many terms are there in a complete equation ? What is the 
first term ? What is the second term ? What is the third term ? How 
many operations are there in reducing an equation of the second degree 
to the required form f What is the first T What the second T What the 
iMrdT What the fourth? 
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nL Reduce aU the terms containing the sqtuxre of the 
unknown quantity to a single termj one factor of which is 
the square of the unknown quantity ; reduce^ also^ aU the 
terms containing the first power of th/S unknown quantity^ 
to a single term : 

rV. Divide both members of the resulting equation by 
the coefficient of tJie square of the unknovm quantity. 

154. A Root of an equation is such a value of the un- 
known quantity as, being substituted for it, will satisfy the 
equation ; that is, make the two members equaL 

The Solution of an equation is the operation of finding 
its roots. 

INCOMPLETB EQUATIONS. 

155. It may happen, that 2p, the coefficient of the first 
power of JB, in the equation x + 2px = q^ la equal to 0. 
In this case, the first power of x will disappear, and the 
equation will take the form, 

a!»= «? (1.) 

This is called an incomplete equation ; hence, 

An incomplete equation, when reduced, contains but 
two terms; the square of the unknown quantity, and a 
known term. 

156. Extracting the square root of both miembers of 
Equation ( 1 ), we have, 

X = ±^/q. 

154. What is the root of an equation T What is the solution of an 
equation ? 

155. What form will the reduced equation take when the coefficient ot 
« is ? What is the equation then called f How many terms are there 
iu an incomplete equation ? What are they ? 

156. What is the rule for the solution of an incomplete equation f 
How many r^ots are there in eyery incomplete equation? How do tht 
roots compai • with each other f 
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Hence, for the solation of incomplete equations: 

BULB. 

L Bedfuce the equation to the form a^ =: q: 
n. Then eastract the square root of both members. 

Note. — There will be two roots, numerically equal, but 
having contrary signs. Denoting the first by x% and the 
second by aj", we have, 

a/ = +V^> and aj" = — V^. 

VBEIFICATION. 

Substituting +V?» or — V5> for as, in Equation (1), 
we have, 

(+V^)2=y; and, (-V5)»=j; 

hence, both satisfy the equation ; they are, therefore, roots. 
(Art. 154.) 

EXAMPLES. 

1. What are the values of aj in the equation, 

3a5=^ + 8 = 5aj2 - 10 ? 
By transposing, Saj^ — 6a5^ = — 10 — 8. 
Reducing, — 2aj2'= —18. 

Dividing by — 2, aj* = 9. 

Extracting square root, aj = ± y^ = + 3 and ^ 8. 
Hence, aj' = + 3, and a/' = — 3. 

2. What are the roots of the equation, 

3^2+ 6 = 4a^- 10? 

Ana. x' = + 4, aj" = - 4 
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a. What are the roots of the equation, 
§^-8 = 7+10? 

Ans. a/ = + 9, «" = - 9, 
1. What are the roots of the equation, 
4852 -f 13 - 2a? = 45 ? 

Ans. QBf =z +4, «" =5 •— 4, 

5. What are the roots of the equation, 

635^ - Y = 3a52 + 5 ? 

Ans. x' = +2, aj" = — 8. 

6. What are the roots of the equation, 

8 + 5a* = ?+ 4aj«+ 28? 
5 

Ans. a/ = + 6, aj" = — 5. 

y. What are the roots of the equation, 
8a^ + 6 «2 + 29 

D O 

J^/w. a/ = +5, aj" = — 5. 

8. What are the roots of the equation, 

aj* + aJ = 6aj2 ? 

Ans. a/ z:z + i-v/aJ, aj" = j— iVa& 

9. What are the roots of the equation, 



aj-v/a + a5» = 6 + aja? 

-4n5. a/ = ^ * , X'' = ^ ^ ^ 

Va^ 26 Va - « 
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PBOBLEMS. 

1. What number is that whioh bemg multipUed by itself 
the product will be 144 ? 

Let X = the number : then, 

X X X =z x^ =z 144. 

It is plain that the value of x will be found bj extracting 
the square root of both members of the equation: that is, 

V^= Vl44: that is, x = 12. 

2. A person being asked how much money he had, said, 
if the number of doUiars be squared and 6 be added, the sum 
will be 42 : how much had he? 

Let 05= the number of dollars. 

Then, by the conditions, 

«? + 6 = 42 ; 
hence, a^ = 42 — 6 = 86, 

and, a; r= 6. Am. $6. 

3. A grocer being asked how much sugar he had sold to 
a person, answered, if the square of the number of pounds 
be multiplied by Y, the product will be 1676. How many 
pounds had he sold ? 

Denote the number of pounds by as. Then, by the con- 
ditions of the question, 

1a^ = 1675 ; 
hence, aj^ _. 225, 

and, 08 = 15. Ane. 15, 

4. A person being asked his age, said, if from the iquatrt 

Digitized by VjOOQ IC 



204 BLBHBNTABT ALGBBBA. 

of mj age in years, jou take 192 years, the remamder will 
be the square of half my age : what was his age ? 

Denote the number of years in his age by x. 

Then, by the conditions of the question, 



«»-192 = (^)«=^, 



and by dearing the fractions, 

4aj*- 768 = 05*; 

hence, 4a5» — a?^ = 768, 

and, Saj* = 768, 

«3 = 266, 

^ a; = 16. Ans. 16 years. 

5. What number is that whose eighth part multiplied by 
its fifth part and the product divided by 4, will give a quo- 
tient equal to 40 ? 

Let X r= the number. 

By the conditions of the question. 



(^xla!)^4-=40; 



hence, — = 40; 

by clearing of fractions, 

a5» = 6400, 

X = 80. Ans. 80. 

6. Find a number such that one-third of it multiplied by 
one fourth shall be equal to 108. Ans. 36^ 

7. What number is that whose sixth part multiplied by 
its fifth part and the product divided by ten, will give a 
quotient equal to 3 ? Ans. 30. 
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8. What nranber is that whose square, plus 18, wiU be 
equal to half the square, plus 30^ ? Ansr 6. 

9^. What numbers are those which are to each other as 
1 to 2, and the difference of whose squares is equal to 75 ? 

Let X = the less number. 
Then, 2x = the greater. 

Then, by the conditions of the question, 

4a5» - a;2 = 76 ; 

hence^ 3a5^ = 76, 

and by dividing by 3, a^ = 26, and « = 6, 

and, 2x = 10. 

Ana. 6 and 10 

10. What two numbers are those wUch are to each other 
as 5 to 6, and the difference of whose squares is 44 ? 

Let X = the greater number. 
Then, ^ = the less. 
By the conditions of the problem, 





a5»- 


■!«■=«> 


by clearing 


of fractions. 






36a?- 


■ 250:2 = 1584 ; 


hence, 




lias* = 1684, 


and, 




a^3i 144; 


hence, 




(B = 12, 


and, 




\* = 10. 

An$. 10 and 12 
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11. What two nnmbera are those whidx are to each other 
as 3 to 4, and the difference of whose squares is 28 ? 

Ans. 6 and 8. 

12. What two numbers are those wlAch are to each other 
as 5 to 11, and the sum of whose squares is 584 ? 

Ans: 10 and 22^ 

13.-4 says to -B, my son's age is one quarter of yours, 
and the difference between the squares of the numbers 
representing their ages is 240 : what were their ages ? 

Ans. 11'^'"^ "• 
I Younger, 4. 

Hoo unknoton quantities. 
157. When there are two or more unknown quantities : 

L MimmoUe one of the unknown quantities by Art. 
113; 

n. TJien extract the square root of both members of the 
equation. 

PROBLEMS. 

1. There is a room of such dimensions, that the difference 
of the sides multiplied by the less, is equal to 36, and the 
product of the sides is equal to 360 : what are the ffldes ? 

Let X = the length of the less side ; 

y = the Iwigth of the greater, 
l^en, by the first condition, 

(y — aj)a5 = 36 ; 
and by the 2d, xy = 360. 

157. How do you proceed when tiiare are^two or more unknown qnan- 
Ihiesf 
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From the first equation, we have, 

a^ — aj* = 36 ; 
and by subtraction, aj* = 324. 

Hence, x = v^324 = 18; 

360 

Ans. a? = 18, y = 20. 

2. A merchant sells two pieces of muslin, which together 
measure 12 yards. He received for each piece just so many 
dollars per yard as the piece contamed yards. Now, he gets 
four times as much for one piece as for the other : how many 
yards in each piece ? 

Let X = the number of yards in the larger piece; 

y = the number of yards in the shorter piece. 

Then, by the conditions of the question, 

85 + y = 12. 

a; X aj = a^ = what he got for the larger piece; 

y X y =: f/^ =: what he got for the shorter; # 

and, as? = 4y\ by the 2d condition, 

X = 2y, by extracting the square root. 

Substituting this value of a; in the first equation, we have, 

y + 2y = 12 ; 

and, consequently, y == 4, 

and, a; = 8. 

Ans. 8 and 4. 

8. What two numbers are those whose product is 80, and 
the quotient of the greater by the less, S^ ? Ans. 10 and 3, 

4. The product of two numbers is a, and their quotient 

* 2 what are the numbers? yST 

Ans, \m^ and wt* 
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5. The sum of the squares of two numbers is 117, and the 
difference of their squares 45 : what are the numbers? 

Ana. 9 and 6. 

6. The sum of the squares of two numbers is a, and the 
difference of their squares is b : what are the numbers ? 



Ana. aj = ^^±-, y = y^- 



7. What two numbers are those which are td each othei 
as 3 to 4, and the sum of whose squares is 225 ? 

Ans. 9 and 12. 

8. What two numbers are those which are to each other 
as m to n, and the sum of whose squares is equal to a^ ? 

- fnd nd 

Ana, — 7=r=r, ^— 

9. What two numbers are those which are to each other 
as 1 to 2, and the difference of whose squares is 75 ? 

Ana. 5 and 10. 

10. What two numbers are those which are to each other 

as m to n, and the difference of whose squares is equal to d^ ? 

. tnb nb 
Ana. . , . « 

11. A certain sum of money is placed at interest for cdz 
months, at 8 per cent, per annum. Now, if the sum put at 
interest be multiplied by the number ezpressmg the interest, 
the product will be $562500 : what is the principal at in- 
terest? Ana. $3750. 

12. A person distributes a sum of money between a num. 
ber of women and boys. The number of women is to the 
number of boys as 3 to 4. Now, the boys receive one-half 
as many dollars as there are persons, and the women, twice 
as many dollars as there are boys, and together they receive 
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138 dollars : liow msnj women were there, and how many 
boys? 

' 36 women. 
48 boys. 

COMPLIN EQUATIONS. 



Ans. ] 



159. The reduced form of the complete equation (Art. 
153) is, 

a^ + 2px = q. 

Comparing the first member of this equation with the 
square of a binomial (Art. 54), we see that it needs but the 
square of half the coefficient of a, to make it a perfect square. 
Adding p^ to both members (Ax. 1, Art. 102), we have, 

aj2 + 2/XB + ^2 _ g ^ p2^ 

Then, extracting the square root of both members (Ax. 5), 
we have, 

X+p :;= ± y/q + p\ 

Transposing p to the second member, we have. 



« = — i> ± V9 +p^' 

Hence, there are two roots, one corresponding to the phta 
sign of the radical, and the other to the minics sign. De- 
noting these roots by x^ and a", we have. 



a/ = — jt> + yq+j^j and a?" = — /> — yq+p^. 

The root denoted by a/ is called the Jirst root ; that de- 
noted by as" is called the second root. 

i 

158. What is the form of the reduced equation of the second degree f 
What is the square of the binomial a; + j» ? How many of those terms 
are found in the first term of the reduced equation? What must be 
added to make the first member a perfect square ? How many roots are 
there in every equation of the first degree ? What is the first root equal 
u> ? What is the second equal to ? 
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159. The operation of sqaaring half the coefficient of 
X and adding the result to both members of the equation, is 
called Completing the Square. For the solution of every 
complete equation of the second degree, we have the fol- 
lowing 

BULB. 

L Beduce the eqitation to theform^ x^ + 2px = q: 

n. TaJce half the coefficient of the second terrn^ square 
itj and add the result to both members of the equation : 

TJL Then extract the square root of both members ; (rfter 
which^ transpose the known term to the second member. 

Note. — ^Although, in the beginning, the student should 
complete the square and then extract the s(Juare root, yet 
he should be able, in all cases, to write the roots immediately, 
by the following (See Art. 158) 

BULB. 

L The first root is equal to haJf the coefficient of the 
second term of the reduced equation, taken with a contrart/ 
sign^ plus the square root of the second member increased 
by the square of half the coefficient of the second term : 

n. The second root is equal to hcUf thJe coefficient of the 
second term of ths reduced equation, taken with a contrary 
sign, minus the square root of the second member increased 
by the square of half the coefficient of the second term. 

160. We will now show that the complete equation of 

169. What is the operation of completing the square f How many 
operations are there in the solution of every equation of the second de- 
gree ? What is the first ? What the second ? What the third ? Give 
the rule for writing the roots without completing the square? 

160. How many forms will the complete equation of the second degree 
assume? On what will these forms depend ? What are the signs of 2j> 
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the second degree will take four fonns, dependent on the 
signs of 2p and q. 

1st. Let us suppose 2p to be positive, and q positive; we 
shall then have, 

x^+2px = q (1.) 

2d. Let us suppose 2p to be negative, and q poeitive; 
we shall then have, 

x^ — 2px = q (2.) 

8d. Let us suppose 2p to be positive, and q negative ; 
we shall then have, 

aj2 + 2px = — q. . . • ( 3.) 

Ith. Let us suppose 2p to be negative, and q negative ; 
'k'-d shall then have, 

aP — 2px = — g'. ... (4.) 

As these are aU the combinations of signs that can take 
place between 2p and y, we conclude that every complete 
equation of the second degree will be reduced to one or the 
other of these four forms : 



x^+2px =: + y. 


• • 1st form. 


a^^ 2px = +q, 


. . 2d form. 


x^+ 2px = -q. 


. • 8d form. 


Q^ — 2px = — $', 


. . 4th form. 



ISKAMPLES OF THB TIBST FOBM. 

1. What are the values of a; in the equation, 

2352 + 835 = 64 ? 

If we first divide by the coefficient 2, we obtain 
flj» + 4a5 = 32. 

and ^ in the first form? What in the second f What in the third? 
W\at in the fourth ? 
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Then, oompletisg the square, 

aj2 + 4as + 4 = 32 + 4 = 86, 

Extracting the root, 

X + 2 = ± -v/36 = H- 6, and — 6. 

Hence, «/= — 2 + 6 = +4; 

and, sb"=— 2 — 6=--8. 

Hence, m this form, the smaller root, numerically, is positive, 
and the larger negative. 

VBRIFICAnON. 

If we take the positive value, viz. : a/ = + 4, 

the equation, aj* + 4a5 = 32, V 

gives 4» + 4 X 4 = 32 ; 

and if we take the negative value of as, viz. : a/' = — 8, 

the equation, a^ + 4a5 = 32, 

gives (— sy + 4(- 8) = 64 - 32 = 32 ; 

from which we see that either of the values of a?, viz.: 
»' = + 4, or aj" = — 8, will satisfy the equation. 

2. What are the values of a; in the equation, 

3aj2 + 1235 - 19 = — aj» — 12a5 + 89? 
By transposing the terms, we have, 

Za^+a^+ 12z+ 12z = 89 + 19; 

and by reducing, 

435*+ 24a5 = 108; 

and dividing by the coefficient of ai*, 

aj^ + 6aj = 27. 
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Now, by completing the square, 

85^+605 + 9 = B6i 
extracting the square root, 

aj + 3 = ± -^/se = + 6, and — 6; 
hence, aj' = +6 — 8 = +8; 

and, aj"=— 6 — 3 = — 9. 

VEEIFICATION. 

If we take the plus root, the equation, 

x^+ 6x = 27, 
gives (3)2+ 6(3) = 27; 

and for the negative root, 

iB2 + 6a; = 27, 
gives (- 9)2 + 6(- 9) = 81 - 64 = 2». 

8. What are the values of as in the equation, 

ai* — lOaj + 16 = - — 34a5 + 165 ? 
5 

By clearing of fractions, we have, 

6aj2 — 50aj + 76 = as* — I70a5 + 776; 

by transposing and reducing, we obtain, 

4a;2 + 12005 = 700 ; 

then, dividing by the coefficient of 35^, we have, 

a^+ 30a5 = 176; 

and bj completing the square, 

a?+ 30aj -h 226 = 400; 
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and by extracting the square root, 

as + 15 = db -1/400 =+ 20, and - 2a 
Hence, aj' = + 6, and 05" = — 86. 

VERIFICATION. 

For the plus value of Xy the equation, 
a^+ BOX z= 176, 
gives, (5)2 + 30 X 5 = 25 + 160 = 176. 

And for the negative value of as, we have, 

(- 35)« + 30(— 35) = 1226 - 1060 - 176. 

4. What are the values of a; in the equation, 

6 2^4 3 12 

Clearing effractions, we have, 

10aj2 ~6a5+9 = 96 — 8aj — 12qi^ + 273; 

transposing and reducing, 

22a?» + 2aj = 3dO ; 

dividing both members by 22, 

^ I 2 860 

^22 22 

Add ( ^ ) to both members, and the equation becomes, 
whence, by extracting the square root, 



. 1 ^ /360 . / 1 V 
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therefore, 

. 1 , /860 , / 1 \5 

*^= "-22 + V-22" + \22;' 

and, «/^=.i.«./^ + (lV. 

^ 22 V 22 ^ \22; 

It remains to perform the numerical operations. In the 
first place, 

22 "^ \22/' 

must be reduced to a single number, having (22)* for its 
denominator. Now, 

860 /J_\2 _ 860 X 22 + 1 _ 7921 ^ 
22 "*" \22/ ■" (22)2 - (22)2^ 

extracting the square root of 7021, we find it to be 89; 
therefore. 

Consequently, the plus value of as is, 

22 "*" 22 " 22 " • 
and the negative value is, 

.,_ _ i. _ ?? — _15. 
~ 22 22 " 11* 

that is, one of the two values of x which will satisfy the 
proposed equation is a positive whole number, and the other 
a negative fraction. 

Note.— Let the pupil be exercised in writing the roots, in 
Jie last five, and in the following examples, without com* 
pleting the $quare. 
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5. What are the valnes of a; in the equation, 

3aj» + 2aj — 9 = 76 ? 

6. What are the values of as in the equation, 

2a!»+8a5 + 1r = -^-- + 197? 

a' i a' = 8. 

1. What are the yalaos of a; in the equation, 
|__+16 = __8a5+96j? 

g. What are the values of a; in the equation, 

Q^ Bx X ^ 

____8 = --7« + 6i? 

Ans. 






9. What are the values of x in«the equation. 



2 4 " B 10 "*" 20 

Ans. 



jaj' = 1. 
(aj"=: - 2f 



BXAMPLBfl OF THB SECOND FOBIC. 

L What are the values of a; in the equation, 
a^ — 8a; + 10 = 19 ? 
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Bj transposing, 

(b2 - 8aj = 19 — 10 = 9j 

then, by completing the square, 

ar» - 805 + 16 = 9 + 16 = 25 ; 

and by extracting the root, 

05 — 4 = ± v^ = + 5, or — 5. 

Hence, 

US' = 4 + 5 = 9, and 05" = 4 — 6 =: - 1. 

That is, in this fbrm, the larger root, numerically, is 
positive, and the lesser negative. 

VEIRIFICA.TION. 

If we take the positive value of as, the equation, 

05^ — 805 = 9, gives (9)* — 8 X 9 = 81 — 72 = 9; 

and if we take the negative value, the equation, 

05» - 805 = 9, gives (- 1)2 -. 8 (- 1) = 1 + 8 = 9; 

from which we see that both roots alike satisfy the equa> 
tion. 

2. What are the values of 0; in the equation, 

a^ X 05^ 

^ + --16 = ^H-aj-l4|? 

By clearing effractions, we have, 

60^2 + 405 — 180 = 3052 + 1205 - 177 , 
and by transpoong and reducing, 

8052 — 805 = 8 ; 
and dividing by the coefficient of os?, we obtain, 
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Then, by completing the square, we have, 

3 9 9 9 ' 

and by extracting the square root, 

^-3= ±V-9-= +3'^*-8- 
Hence, 

a/ = t + 5 = + 8, and aj"= 1 - 5 = - i. 
8^3 ^ ' 88 8 

TEBIFICAinON* 

For the podtive root of x^ the equation, 

gives ^ 8«-|x8 = 9-8 = l; 

and for the negative root, the equation, 

/ 1\* 8 1 1,8 

8. What are the values of as in the equation, 
?-| + n = 8? 

Clearmg of fractions, and dividing by the coefBdent of 
a^, we have, 

a^ - jaj = 1*. 
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Completing the square, we Iiave, 

3^9 ^ ^ 9 36 * 
then, hj extracting tiie square root, we have, 

3 V 36 6 ' 6 * 

henoe, 

jr = -4-- = - = 11« and flJ^ = - — - r= i. -« 



VJSKliriCATIOK. 

If we take the positiye root of as, the equation, 

gives my-lx ii = 2i-i = m 

and for the negative root, the equation. 



a3 - ^ = U, 

/ 5V 2 6 25 , 10 45 

«^^^ (-6)^3^-6 = 36 + 18 =^36'"^' 



4« What are the values of a; in the equation, 

4a^ — 2aj» + 2005 = ISoft — 18^^? 

By transposing, changbg the signs, and dividing &/ 2, 
the equation beoon^eg^ 

OB^ — a« zs 2a' ^ 9aft -f 9i* ; 
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whence, oompleting the aqoare, 

4 4 

eztracdng the square root, 



« = |±V?^^^^ 



9J». 



9a' 
Now, the square root of -j 9ab + 9^, is evidendy 

Ba ^ 

Y — 36. Therefore, 






85'= 2a — 86, 
86. 



What will be the numerical values of os^ if we suppose 
= 6, and 6 = 1? 

5. What are the values of as in the equation, 



-05 — 4 — a? + 2a5 — -JB^ = 46 — 8iB2 + 4a!? 
8 5 



within 



jo' = 112) to with 
^'"- (aj"= ^6.73f 0.01. 



0. What are the values of a; in the equation, 
8a? — 1405 + 10 = 205 + 84 ? 

^•ia/'=^l. 
Y. What are the values of os in the equation, 

^ — 80 + a? = 2aj - 22 ? 
4 



^"••IJ'I -4. 



aJ»-8« + j = 9ai4- 18^? 



8. What are the values of a: in the eqoation, 

? 
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9. What are the values of (b in the equation, 
2aa5 — 352 = — 2a^ — J^? 






10. What are the values of x in the equation. 



a^ + ^2 — 2Sa5 + (b2 = 



Am. 



x" = , ^ i ^y^ - Va2m2 + l^rn^ - avA- 



EXAMPLES -OE THE THIRD FOBM. 

1, What are the values of a; in the equation, 

a;2 + 4a. = - 3 ? 
First, by completing the square, we have, 

a5»+4a5 + 4= — 3 + 4 = 1; 
and by extracting the square root, 

05 + 2 = ±v^ = + 1, and - 1; 
hence, vf -=. — 2 + 1 = — 1; and a5" = — 2 — 1=— S. 
Ihat is, in this form both the roots are negative. 

VBRIFICATION. 

If we take the first negative value, the equation, 
85=^ + 405 = - 8, 
gives (- 1)2 + 4(- 1) = 1 - 4 = - 8; 

and by taking the second value, the equation, 
fl^ + 405 = — 3, 
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gives (- 8y» -h4( - 3) = • - la = - a ; 

hence, both values of x satisfy the given equation. 

2. What are the values of a; in the equation, 

_ ^ - 505 - 16 = 12 + ii^ + 6sB? 

By transposing and reducing, we have, 
— a^ — 11a = 28 ; 
then, dividing by — 1, the coefficient of as', we have, 

aj» + lla; = — 28; 
then, by completing the square, 

aj» + llaj + 30.26 = 2.26 ; 



hence, « + 6.5 = ± ^2.26 = + 1.6, and — 1.5 ; 
consequently, a/ = — 4, and a/' = — 7. 

8. What are the values of as in the equation, 

«.^-.2a5-5 =ztt^+6x + 5t 

. (a/ = -a. 

4. What are tfie values of as in the equation, 
2aj»+ 8a5 = - 2| — ^as? 

6. What are the Tahies of a; in the equation, 
4fl^ + |aj + 3a5 = - i4aj - 3^ — 40^? 

Am. -I -„ = " *; 



(a/ =- 
( aj" = - 
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6. What are the valaes of a; in the equation, 

> 



8 40!^ 

— «J»— 4--a5 = — +24aj + 2? 

4 2 



^"'•|J'=-8. 



7. What are the values of a; in the equation, 

' ^ + 1x + 20 = — ?a5» - 11« - 60? 

8. What are the values of « in the equation, . 

6 1 11 

9. What are the values of as in the equation, 



h 



^^'\^^ZZ'^' 



10. 

10. What are the values of as in the equation, 

11. What are the values of a; in the equation, 

xzAmflbs of thb foubth fobm. 
I. What are the values of as in the equation, 
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By oompletmg the square, we have, 

a^ - 8a; + 16 = - 7 + 16 = 9; 
then, by extracting the square root, 

flB — 4=±i/9 = +3, and — 8 ; 
henoe, as' = + 7, and as" = +1, 

That 18, in this form, both the roots are positiye, 

YXBIFICATION. 

If we take the greater root, the equation, 
«» - 8aj = - 7, gives, 7« - 8 x 7 = 49 — 66 i= - »; 
and for the lesser, the equation, 

as* - 8aj = - 7, gives, l^ — 8x1 = 1 — 8 = — 7; 
hence, both of the roots will satisfy the equation. 

2. What are the values of a; in the equation, 

- liar* + Saj - 10 = Hx^ - 18aj + ^? 
By clearing of fractions, we have, 

— 3aJ2 + 6aj — 20 = Saj^ -- 36aj + 40 ; 
then, by collecting the similar terms, 

— 6aj2 + 42aj = 60 ; 

then, by dividing by the coeffident of a^, which is — C, 
we have, 

aj* — 7» = - 10. 

By completing the square, we have, 

aj« - 7as + 12.25 = 2.26, 
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and by extracting the square root of both memberSi 

X — 3.5 = ±1/2^ = + 1.6, and — 1.6; 
hence, 

a/ = 3.6 + 1.6 = 6, and «" = 3.6 - lUJ = 2. 

YEBIFICATION. 

If we take the greater root, the equation. 
aj2 - 7aj = - 10, gives, 6^ - 7 x 6 = 25 — 35 = - 10; 
and if we take the lesser root, the equation, 
a^ — 7a5 = - 10, gives, 22 - 7 X 2 = 4 - 14 =r - 10. 

8. What are the values of aj in the equation, 

— 3aj + 2ar* + 1 = I7|aj - 2a5» - 3? 
By transpodng and collecting the terms, we have, 
4a52 — 20|aj = - 4 ; 
then dividing by the coefficient of a^j we have, 

a? - 6Jaj = - 1. 
By completing the square, we obtain, 

,^,169 , , 169 144 

^ ^ 25 ^ 25 25 * 

ahd by extracting the root, 

hence, 



, «, . /144 ,12 , 12 



aj' = 2| + — = 6, and^ a/' = 2| - - = «• 
o o o 

VERIFICATION. 

. If we take the greater root, the equation, 
«^ ^ 6^05 = - 1, giveii, 6» - 5J X 5 = 26 - 2e = - I ; 
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and if w6 take the lemer root, the equation, 
«^-5ia.= -l,give8,y-.5ix-=--.^=-L 
i. What are the yalues of cb in tiie equation^ 
-a^ - Soj + - =3 — ?a^ + iu — i? 

5. What are the yalues of as in the equation, 

— 4a? — ^05 + 1+ = - 6«* + 8aj? 

6. What are the valuM of as in the equatiim^ 

1. Wliat are the Taiaes of <d in the equation, 
a? - IOtVb = — 1 ? 

8. What are ;he yalues of as in the equation, 

- Was ^ ^ + 100 = — + 12a5 - 26? 
- 6 o 

. j OS* = 7. 

9. What are the yaluea of a$ in the equation, 

^ — 22a5 + 16 = - J~. + 28a5 — 80 ? 
8 «■ 
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10. What are the Talues of as in the equation, 

10 
j a/ =11. 



— 80a8+8 = — a^+ 3^^ - ~P 



An9. 

Vi\ VPEBTIES OF EQUATIONS OF THE SEOOND PEGBEE. 
FIBSr PBOPBBTY. 

Kl. We have seen (Art. 153), that every complete 
equation of the second degree may be reduced to the form, 

7S^+ 2px z=: q (1.) 

Completing the square, we have, 

transposing q + p^ to the first member, 

aj2+2i»j+i>«- (2^+/?^) = 0. • (2.) 

Now, dnce aj? + 2px + ^^ is the square of a? + ^, and 
q +p^ the square of ^q + jp*, we may regard the first 
member as the difference between two squares. Factoring, 
(Art. 66), we have. 



(«+!>+ VT+i^) («+!>- VS+P^) = 0. . (8.) 

Tins equation can be satisfied only in two ways : 

1st. By attributing such a value to a; as shall render the 
first factor equal to ; or, 

161. To what form may every equation of the second degree be re- 
duced? What form will this equation take after completing the square 
and transposing to the first member? After factoring? In how many 
wA}« may Equation ( S ) be satisfied? What are they ? How many roott 
has ewy eqnation of the •<*'*bi^d degree ? 
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\ 

2d. By attributing sucdi a yalne to a; as shall r^der th<i 
second &ctor equal to 0. 

Pladng the second £Eictor equal to 0, we have, 



«+p— \^q+p^ = 0; and a/ = —p+ \^q +jp^* (4,)' 

Placing the first factor equal to 0, we have, 

X -hi> + Vg^r^ = 0; and a'' = —p — \^q +p^. (5.) 

Since every supposition that will satisfy Equation ( 3 ), will 
also satisfy Equation ( 1 ), from which it was derived, it fol- 
lows, that aj' and a?" are roots bf Equation ( 1 ) ; also, that 

Every eqitation of the second degree hcis two roots^ and 
only two. 

Note. — ^The two roots denoted by ^ and x'% are the 
same as found in Art. 158. 

SECOND PEOPBBTY. 

ie«. We have seen (Art. 161), that every equation of 
the second degree may be placed under the form, 

(«+!>+ Vg + p^) (aj +i> - V^+P") = 0. 

By examining this equation, we see that the first fector 
may be obtained by subtracting the second root fi-om the 
unknown quantity x ; and the second factor by subtracting 
the^r^^ root fi^om the unknown quantity x; hence. 

Every equation of the second degree may be resolved into 
two binomial factors of the first degree^ the first term^Sj in 
both factors^ being the unknown quantity^ and the second 
termSy the roots of the equation^ taken with contrary signs. 

162. Into how many binomial factors of the first degree may ^very 
equation of the second degree be resolyed ? What a:e the fir^t termi (A 
these factors? What the second? 



Digitized by VjOOQ IC 



FORMATION 07 SQUATTON8. 



THIED PROPBRTT, 

168. It* we add Equations (4) and (5), Art. 161, we 
have, 

a' = — 1> + ^q -hp^ 

as' + aj" = ■- 2p; that is, 

In every reduced eqitation of the second degree^ the sum 
of the two roots is equal to th>e coefficient of the second term^ 
taken with o contrary sign, 

FOURTH PROPERTY, 

164. If we multiply Equations (4) and (6), Art. 161, 
member by member, we have, 

a/ X aj''= (-i)+ V7+i^)(-i>- Vq^nh 
= P^— {q -hp^) = — q; that is. 
In every equation of the second degree^ the product of 
the two roots is eqtcal to the knoton term in the second mem- 
ber^ taken with a contrary sign. 



FORMATION OF EQUATIONS OF THE SECOND DEGREE. 

165. By taking the converse of the second property, 
(Art. 162), we can form equations which shall have given 
roots ; that is, if they are known, we can find the corre- 
sponding equations by the following 

RULE. 

L Subtract each root from the tmknoton quantity: 

168. What is the algebraic sum of the roots equal to iu every eqnatioo 
of the secoud degree ? 
'16$: What is the product of the roots equal to? 
KAt, Alw will ybu find thb cf^vutabn Wteiii tlMB roots ara kutahim^ 
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n. Multiply the retuUs together^ and place their prodtust 
equal to 0. 

BXAlCPLBS. 

NoTB.— Let the pupil prove, in every oase^ that the roots 
will satisfy the third and fourth properties. 

1. If the roots of an equation are 4 and — 5^ what is the 
equation? Ane. sb* + a5 = 20. 

2. What is the equation when the roots are 1 and — 3 ? 

Ana. JB^ 4- 2aj = 3. 
8. What is the equation when the roots are and — 10 ? 

Ana. Q? + X = 90. 
4. What is the equati(»i whose roots i^e 6 and — 10? 

Ana. a^ + 4flB = 60. 

5u What is the equation whose roots are 4 and — 3 ? 

Ana. SB* — aj = 12. 

6. What is the equation whose roots are 10 and — tV ^ 

Ana. 35*— ^^^x = 1. 

7. What is the equation whose roots are 8 and — 2 ? 

Ana. aj* — 6a5 = 16. 

8. What is the equation whose roots are 16 and — 5 ? 

Ana. ar» — llaj = 80 

9. What is the equation whose roots are — 4 and — 5 1 

Ana. CB* + 9aJ = — 20. 

, 10. What is the equation whose roots are — 6 and — 7 ? 

Am. «» + 13a = — 42. 
3 

11. What is the equation whose roots are — 7 and — 2 ? 

4 

S 

Ana. SB* + 2|a? = — • - • 

12. What is the equation whose roots are — 2 and — 3 ? 

A»\^. si^ + 6x tsi ^ 6k^ 
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18. What is the equation whose roots are 4 and 3 ? 

Ana. a^ — 1x z=: — 12. 

14. What is th) equation whose roots are 12 and 2 ? 

Ana. aj=» - 14aj = — 24 

15. What is the equation whose roots are 18 and 2 ? 

Ans. Q^ — 20aj = — 36. 

16. What IP the equation whose roots are 14 and 3 ? 

Am. x^— llx z=: — 42, 

4 9 

17. What is the e«|uation whose roots are ~ and — j? 

Ans. a^+ —05 = 1, 
36 

2 

18. What is the equation whose roots are 5 and — - ? 

A- « 13 10 

3 3 

19. What 18 the equation whose roots are a and b ? 

Ans. 85^ — (a + ft)« = — aft. 

20. What is the equation whose roots are c and — d^? 

Ans. a? — (c — d)x=z cd. 



TRINOMIAL EQUATIONS OF THE SECOND DEGBEE. 

165/ A trinomial equation of the second degree con- 
tams three kmds of teorms : 

Ist A term inrolving the unknown quai^j to thesecoftd 
ddgr9€. 

2d. A term involving the unknown qosntitT' to the first 
degree; and 

3d. A known term. Thus^ 

«» - 4aj - 12 = 0, 
is' a trinoin&d equation of th<e second degree. 
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VACTOBINQ. 

165.^ What are the &ctors of the trinomial equatioii, 

a5*-4aj-12 = 0? 

A trinomial equation of the second degree may always be 
reduced to one <rfthe four forms (Art. 160), by simply trans- 
posing the known term to the second member, and then 
solving the equation. Thus, from the above equation, we 

have, 

aj» — 4aj = 12. 

Resolving the equation, we find the two roots to be + 6 
aod — 2 ; therefore, the factors are, a; — 6, and a; + 2 
(Art. 162). 

Since the sum of the two roots is equal to the coefficient 
of the second term, taken with a contrary sign (Art. 163) ; 
and the product of the two roots is equal to the known 
term in the second member, taken with a contrary sign, or 
to the third term of the trinomial, taken with the same 
sign : hence it follows, that any trinomial may be fitctored 
by inspection, when two numbers can be discovered whose 
algebraic sum is eqiuil to the coefficient of th^ second term^ 
and whose product is equal to the third term. 

BZAMPLES 

1. What are the &ctors of the trinomial, (b' — to — 86? 

It is seen, by inspection, that — 12 and + 8 will fulfil the 
conditions of roots. For, 12 — 8 = ; that is, the co- 
efficient of the second term with a contrary sign; and 
12 X — 8 =s — 86, the third term of the trinomial; hence, 
the fitctors are, x -^ 12, and x -^ Z. 

2. What are the factors of oj^ — Vaj — 30 = ? 

Ans, X •— 10^ and » <^ 8 
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8. What are the fectors of a:* + IBx -h 36 == 0? 

Ans. X + 12, and x + S. 

4. What are the factors of ac^ _ 12a; — 28 = ? 

Ans. X — 14, and 05 + 2, 

5. What are the fectors of ar* — 7aj - 8 = 0? 

Ans. X — 8, and x + 1. 



TBINOMIAL EQUATIONS OP THE FOBK 

aj2« + 2px* = q. 

In the above equation, the exponent of ic, in the first term, 
is double the exponent of aj in the second term. 

aj« — 4a53 = 32, and x^ + 4a;2 = 117, 

are both equations of this form, and may be solved by the 
rules already given for the solution of equations of the 
second degree. 
In the equation, 

a^* + 2paj» = ^, 

we see that the first member will become a perfect square, 
by adding to it the square of half the coefficient of aj* ; thus, 

a.2i» + 2px^ +p^'= q +p\ 

in which the first member is a perfect square. Then, ex* 
tracting the square root of both members, we ha\ e, ' 



aj« +i> = ± Vs+p"; 



hence, a5» = — 1> ± Vs +1^1 

then, by taking the nth root of both members, 



xf = V-P+ Vf^\ 
and . «" = V~ P — V— P +1^* 
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BXAMPLBS. 

1. What are the yalues of a; m the eqnatioD, 

afi+ ^ =z 112? 
Completing the square, 

aJ» + eajs + 9 = 112 + 9 = 121 ; 
then, extractiiig the sqoare root of both members, 
• «» + 3 = ± Vl21 = ± 11 ; hence, 
ttj' = y— 8 + 11, and aj'' = y"- 8 — 11 ; heno^ 
•^ = »/8 = 2, and a'' = ^/^^Hi = - Y^. 

2. What are the values of a; in the equation, 

aj* - 8052 = 9? 
Completing the square, we have, 

aji — 8a? + 16 = 9 + 16 = 26. 

Extractmg the square root of both members, 

05* — 4 = ± y^, = ± 6 ; hence, 

vf =z ± '/4 + 5, and a/' = ± 'v/4 — 6; hence, 

a' = + 3 and — 3 ; and asf ' = + -/— 1 and — -/—I, 

3. What are the values of a; in the equation, 

aj^+ 20aj« = 69? 
Completing the square, 

aj« + 20aj3 + 100 = 69 + 100 = 169. 
Extracting the square root of both members, 
a? + 10 = ± VT69 = ± 13 ; hence, 
9f = y- 10 + 18, and aj" = y- lo - 18. 
«' s= 0, and ttj'' = y^I^, 
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4. What are the values of as in the equation, 

oj* — 2aj2 = 3 ? 
Ana. a/ = db ^3, and «" = ± V^. 

5. What are the values of aj in the equation, 

aj» + 8053 = 9? 

Ans. a/ = 1, and as" = */— 9. 



6. Given a5 + y^ -f- 4 = 12, to find a. 
Transposing x to the second member, and then squaring, 
9aj + 4 = aj2 - 24aj + 144 ; 
• •. aj? — 33aj = — 140; 
and, as' = 28^ and as" = 5. 

n. 4aj + 4Vi» + 2 = 7. ^w«. a?' = 4J, aj"^ = i. 

8. aj + V^x + 10 = 8. ' -47W. aj' = 18, aj" = 8. 



NUMEBIOAL VALUES OF THE ROOTS. 

166. We have seen (Art. 160), that by attributing all 
possible signs to 2p and ^, we have the four following 
forms: 

Q? + 2px = q. .... (1.) 

a^ — 2px =z q. ..... (2.) 

a^ + 2px = — J (8.) 

a^ — 2jpa; = — g'. . , . . (4.) 

166. To how many forms may eyery equation of the second degree be 
i«ducedr What are ^eyf 
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First Form. 

167. Since q is positive, we know, from . Property 
Fourth, that the product of the roots must be negative ; 
hence, {he roots have contrary signs. Since the coefficient 
2p is positive, we know, from Property Third, that the alge- 
braic sum of the roots is negative ; hence, the negative root 
is numerically the greater. 

Second Form. 

168. Since g is positive, the product of the roots must 
be negative ; hence, the roots have contrary signs. Since 
2p is negative, the algebraic sum of the roots must be posi- 
tive ; hence, the positive root is numerically the greater. 

Third Form. 

169. Since q is negative, the product of the roots is 
positive (Property Fourth) ; hence, the roots have the same 
sign. Since 2p is positive, the sum of the roots must be 
negative ; hence, both are negative. 

Fourth Form. 

ITO. Since q is negative, the product of the roots is 
positive ; hence, the roots have the same sign. Since 2p is 
negative, the sum of the roots is positive ; hence, tJie roots 
are both positive. 

167. What sign has the product of the roots in the first form? How 
are their signs ? Which root is numerically the greater ? Why ? 

168. What sign has the product of the roots in the second form ? Hoir 
are the signs of the roots ? Which root is numerically the greater? 

169. What sign haa the product of the roots in the third form ? How 
are their signs ? 

170. What sign haa the product of the roots in the fourth form ? How 
are the signs of the roots ? 
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First and Second Forms* 

ITl. If we make q = Oj the first form becomes, 

a^ + 2px^ = 0, or x{x + 2p) = ; 

which shows that one root is equal to 0, and the other p> — 2p« 

Under the same supposition, the second form becomes, 

SB^ — 2px = 0, or x{x — 2^) = ; 

which shows that one root is equal to 0, and the other to 
2p. Both of these results are a% they should be ; since, when 
q^ the product of the roots, becomes 0, one of the fiictors 
must be ; and hence, one root must be 0. 

Third and Fourth Forms, 

17a. I^ in the Third and Fourth Forms, q>p\ the 
quantity under the radical sign will become negative ; hence, 
its square root cannot he extracted (Art. 13V). Under this 
supposition, the values of x are imaginary. How are these 
results to be interpreted ? 

^ a given number be divide*^ into two partSy their pro- 
duct wiU be the greatest possible^ when ths parts are equal. 

Denote the number by 2^, and the difference of the parts 
by d\ then, 

^ + - = the greater part, (Page 120.) 

2 
d 

and, ^ — - = the less part, 

d^ 
and, /)2 _ — p^ their product. ' 

171. K we make ^ = 0, to what does the first form reduce? What, 
then, are its roots ? Under the same supposition, to what does the second 
form reduce ? What are, then, its roots ? 

1?72. If 5^ >jD«, in the third and fourth forms, what takes place? 

If a number be Prided into two parts, when will the product be the 
greateet possible? * 
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It is plain, that the product P will inarease^ as d ditnif^ 
ishesj and that it will be the neatest possible when <? = ; 
for then there will be no negative quantity to be subtracted 
from />2, in the first member of the equation. But when 
(7=0, the parts are equal ; hence, the product of the two 
parts is the greatest when they are equal. 

In the equations, 

a? + 2px = — g', 05* — 2px = — y, 

2p is the sum of the roots, and — q their product ; and 
hence, by the principle just established, the product q^ 
can never be ^eater than p\ This conditi<m fixes a limit 
to the value of q^ I^ then, we make q>p^y we pass thii? 
limit, and express, by the equation, a condition which cannot 
be fulfilled ; and this incompatibility of the conditicms is 
made apparent by the values of x becoming imaginary. 
Hence, we conclude tii^'t, 

WTien the values of the unknown quantity are imagi9iary^ 
the conditions of the proposition are incompatible with 
Cdch other. 

XXAMPLBS. 

1. Fmd two numbers, whose sum cbaU be 12 and pro 
duct 46. 

Let 9 and y be the nimibers. 

By the 1st condition, x + y z= 12 ; 

and by the 2d, xy =: 46. 

The first equation gives, 

« = 12 - y. 

Substituting this value for x in the second, we haTOi 

12y - y* = 46 ; 

aiid chaoj^g the signs of the tmm we k^% 

y« - I2y » - 46 



Digitized by VjOOQ IC 



NUMBBIOAL VALUJS OF THB EOOTB. 239 

Then, by completing the Bqaai;e, 

y2 — 12y + 86 = — 46 + 86' = — 10; 
which ^yeB| y' = 6 + -/— 10, 



and, y" = 6 — -/— 10; 

both of which values are imaginary, as indeed they shonl^ 
be, since the conditions are incompatible. 

2. The sum of two nmnbers is 8, and their product 80: 
what are the numbers ? 

Denote the numbers by x and y. 
By the first condition, 

aj + y = 8; 
and by the second, a:y =: 20« 

The first equation gives, 

aj = 8 — y. 
Sinbstituting this value of as in the second, we have, 

8y-y2= 20; 
dianging the edgns, and completing the square, we have, 

y»-8y + 16 =r -4; 
and by extracting the root, 

y' = 4 + l/^^j aad y'' = 4 — y^^^. 
These values of y may be put under the forms (Art. 142), 
y = 4 + 2-v/--l,'*and y = 4 — 2-/^. 

t What are the values of as in the equation, 

fl^+ 2« = - 10? 

a/ = ^l +8-/=niI 



. j a/ = _ I +8 V~ 
( a'' = — 1 - 8t/^ 
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FBOBLEMB. 

1. Find a number such, that twice its square, added to 
three times the nmnber, shall give 65. 

Let X denote the unknown nmnber. Then, the equation 
of the problem is, 

2sc^ + Sx = 65; 

whttice, 

8 . /65 . 9 8 , 28 

4^V216 4^4 

Therefore, 

^ 8 ,28 ^ , " , 8 28 18 

08^= = 5* and or ' = — -— — = — — • 

Both these valaes satisfy the equation of the problem. 
For, 

2 X (5)3 + 8 X 5 = 2 X 25 + 16 = 65; 



•^■i-'i) 



» . . 18 169 89 180 



Notes. — 1. If we restrict the enunciation of the problem 
to its arithmetical sense, in which "added" means nwrner- 
ical increase^ the first value of x only will satisfy the con^ 
ditions of the problem. 

2. If we give to "added," its algebraical signification 
(when it may mean subtraction as well as addition), the 
problem may be thus stated : 

To find a number such, that twice its square diminished 
by three times the number, shall give 65. 

The second value of x will satisfy this enunciation; for, 
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8. The root which results fi-om giving the plus sign to the 
radical, is, generally, an answer to the question in its arith- 
metical sense. The second root generally satisfies the pro- 
blem under a modified statement. 

Thus, in the example, it was required to find a number, 
of which twice the square, added to three times. the num- 
ber, shall give 65. Now, in the arithmetical sense, added 
means increased ; but in the algebraic sense, it implies dimi- 
nution when the quantity added is negative. In this sense^ 
the second root satisfies the enunciation. 

2. A certain person purchased a nimiber of yards of cloth 
for 240 cents. If he had purchased 3 yards Ubs of the same 
cloth for tjie same sum, it would have cost him 4 cents more 
per yard : how many yards did he buy ? 

Let X denote the number of yards purchased. 

240 3 

Then, — will denote the price per yard. 

I^ for 240 cents, he had purchased three yards less, that 

»8, aj — 3 yards, the price per yard, under this hypothesis, 

240 
would have been denoted by r • But, by the condi- 

05—3 

tions, this last cost must exceed the first by 4 cent& There- 
fore, we have the equation, 

240 240 



aj — 8 X 
whence, by reducing. as* — 3aj rr 180, 

;i 8 . /9 . ,„^ 8 -fc 27 

and, . a; = - ± y/- -HBO = — |— > 

therefore, a/ = 15, and as" = — 12. 

KoTjs. — 1. The value, vf s= 15, satisfies the cnunoiation 
b its arithmetical sense. For, if 15 yards oost 240 oenti^ 
M 
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240 -f- 16 = 16 cents, the price of 1 yai*d ; and 240 -f 12 = 2C 
cents, the price of 1 yard under the second supposition. 

2. The second value of a; is an answer to the following 
Problem : 

A certain person purchased a number of yards of cloth 
for 240 cents. If he had paid the same for three yards more^ 
it would have cost him 4 cents less per yard : how many 
yards did he buy? 

This would give the equation of condition, 

240 240 

r-- = 4 ; or, 

ar» — 3a; = 180; 

the same equation as found before ; hence, 

A single equation toiU often stcUe two or more arith' 
meticcU problems. 

This arises from the &ct that the language of Algebra is 
more comprehensive than that of Arithmetic. 

3. A man having bought a horse, sold it for $24. At the 
sale he lost as much per cent, on the price of the horse, as 
the horse cost him dollars : what did he pay for the horse ? 

Let X denote the number of dollars that he paid for the 
horse. Then, a? — 24 will denote the loss he sustained. Butj 

as he lost x per cent, by the sale, ho must have lost -— 

upon each dollar, and upon x dollars he lost a sum denoted 

aj^ . 

b} — - ; we have, then, the equation, 

—- s= fl5 — 24 ; whence, afi — 100« a — 2400, 
100 
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and, aj = 60 ± '/2500 — 2400 = 60 ± 10. 

Therefore, aj' = 60, and aj" = 40, 

Both of these roots will satisfy the problem. 

For, if the man gave $60 for the horse, and sold him fwr 
$24, he lost $36. From the enmiciation, he shotdd have lost 
60 per cent, of $60 ; that is, 

^0 r^r. 60 X 60 

--- of 60 = — TTrx— = 36 : 

100 100 * 

therefore, $60 satisfies the enmiciation. 

Had he paid $40 for the horse, he would have lost by the 
sale, $16. From the enmiciation, he should have lost 40 per 
cent, of $40 ; that is, 

—- of 40 = — r;:;r- = 16 : 
100 100 ' 

therefore, $40 satisfies the enunciation. 

4. The sum of two numbers is 11, and the sum of their 
squares is 61 : what are the numbers? Ans. 5 and 6. 

5. The difference of two numbers is 3, and the smn of their 
squares is 89 : what are the numbers? Ans. 5 and 8. 

6. A grazier bought as many sheep as cost him £60, and 
after reserving fifteen out of the number, he sold the re- 
mainder for £54, and gained 2s. a head on those he sold : 
how many did he buy ? Ans, 75, 

7. A merchant bought cloth, for which he paid £33 16«., 
which he sold again at £2 Ss. per piece, and gained by the 
bargain as much as one piece cost him : how many pieces 
did he buy ? Ans. 16. 

8. The difference of two numbers is 9, and their sum, 
multiplied by the greater, is equal to 266: what are the 
numbers? Ans. 14 and 6. 
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9. To find a number, Buch that if you subtract it from lO, 
and multiply the remainder by the number itself, the pro- 
duct will be 21 . Arts. 1 or 3. 

10. A person traveled 105 miles. If he had traveled 2 
miles an hour slower, he would have been 6 hours longer in 
completing the same distance : how many miles did he travel 
per hour ? Ans, 1 miles. 

11. A person purchased a number of sheep, for which he 
paid $224. Had he paid for each twice as much, plus 2 dol- 
lars, the number bought would have been denoted by twice 
what was paid for each : how many sheep were purchased ? 

Ans, 32. 

12. The difference of two numbers is 7, and their sum 
multiplied by the greater, is equal to 138: what are tho 
numbers ? Ans. 10 and 3. 

18. Divide 100 into two such parts, that the sum of their 
squares shall be 5392. Ans, 64 and 36. 

14. Two square courts are paved with stones a foot square ; 
the larger court is 12 feet larger than the smaller one, and 
the number of stones in both pavements is 2120 : how long 
18 the smaller pavement ? Ans. 26 feet, 

15. Two hundred and forty dollars are equally distributed 
among a certain number of persons. The same sum is again 
distributed amongst a number greater by 4. In the latter 
case each receives 10 doUars less than in the former: how 
many persons were there in each case. Ans. 8 and 12. 

16. Two partners, A and J8, gained 360 dollars. A*s 
money was in trade 12 months, and he received, for prin- 
cipal and profit, 520 dollars. JS^s money was 600 dollars, 
ond was in trade 16 months : how much capital had A ? 

Ans. 400 dollars. 
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EQUATIONS INYOLVING MORE THAN ONE UNKNOWN QUANTITY, 

173. Two simultaneous equations, each of the second 
degree, and containing two unknown quantities, will, when 
combined, generally give rise to an equation of the fourth 
degree. Hence, only particular cases of such equations can 
be solved by the methods already given. 

FISST. 

7h)o simidtaneous equations^ involving two unknown 
quantities^ can always be solved when one is of the first 
and the other of the second degree, 

EXAMPLES. 

^•^^^^'^ ii + y^IlJJ} tofind^andy. 
' By transposing y in the first equation, we have, 

a; = 14 -'y; 
and by squaring both members, 

ar* = 196 — 28y + y\ 

Substituting this value for a^ in the second equation, w« 
have^ 

196 - 28y + y2 + y2 = lOO; 

from which we have, 

y2 -. 14y = - 48. 

By completing the square, 

y2 -. I4y + 49 = 1 ; 

17 S. When may two gunultaneoos equations of the eecond degree bi 
lolTed? 
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and by extracting the square root, 

y-7=±Vl = +l, and -1; 
hence, y' = 7 + 1 = 8, and y" = 7 — 1 = 6. 

If we take the greater value, we find as = 6 ; and if we 
take the lesser, we find a; = 8. 

= 6. 
8 



. j a;' = 8, a/' = 
( y' = 6, y" ~ 



VERIPICATION, 

For the greater value, y = 8, the equation, 

a; + y = 14, gives 6 + 8 = 14 ; 
and, aj^ + y2 = 100, gives 36 + 64 = 100. 
For the value y = 6, the equation, 

X + y =. 14, gives 8 + 6 = 14 ; 
and, ar^ + y2 = lOO, gives 64 + 36 = 100. 
Hence, both sets of values satisfy the given equation. 

2. Given 1 „ "" ^, "" ,^ r to find x and y. 
( aj2 — y2 = 45 ) ^ 

Transposing y in the first equation, we have, 

aj = 3 + y; 

then, squaring both members, 

aj2 = 9 + 6y + y*. 

Substituting this value for x\ in the second equation, w© 
have, 

9 + 6y + y2 - ya = 45 ; 

whence, we have, 

6y ss 86, and y wt ^. 
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Substituting this value of y, in the first equation, we have, 
« — 6 = 3, 
and, consequently, as' = 3 + 6 = 9. 

VEBIEICATION. 

05 — y = 3, gives 9 — 6 = 8 ; 
and, aj2— y2 = 46, gives 81 — 36 = 46, 

Solve the following sunultaneous equations : 

(a5 + y=12) . (aj'=7. 

( a; — y = 3 ) . f aj' = 9, jb"= - «. 

*• \x^+y^= 117 f ^"^^ jy' = 6, y"= - 9. 

j« + y = 9 ) faj' = 6, "= 6. 

^- jaj^- 205^ + y2 ^ 1 f ^"^^ jy' = 4, y"= 4. 

(flJ-y = 51 
• ( (K^+ 2a^ + y2 = 225 J* 

( as' = 10, «"= — 5. 
^^"- •(y'= 5, y-= -10, 

SECOND. 

IM. 7^0 5mi*^ari€(w^ equations of the second degree^ 
xjohich are homogeneous with respect to th^ unknown qimnr ^ 
tity^ can always he solved. 



EXAMPLES. 



1. Given \\Zy=!\ ^ [W 

3a5y + 2y2 = 40 (2.) 



(a^ + 
to find X and y. 



174. When may two rimultaaeous eqi'alionfl of the second degree be 
lolved f 
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Aimme x :sz ty^ t being any aiudliiuy unknoim qnaiititj. 

Substituting this value of a; in Equations ( 1 ) and ( 2 ), 

we have, 

22 
<«y*+8^»=22, ... y«=^_j_^; (3.) 

40 
ty+8ty?+2y«= 40, .-. y2= ^^-—-j-^; (4.) 

, 22 40 

hence, 



t^+ 3t ^ + 3« 4- 2 ' 

hence, 22«« + 66« + 44 = 40^ + 120^; 

22 
reducing, fi + St = — ; 

2 11 
whence, t' = -, and t"=: — ^• 

3 3 

Substituting either of these values in Equations (3) or 
( 4 ), we find, 

y' = + 3, and y'' = - 3 

Substituting the plus value of y, in Equation ( 1 ), we 
have, 

a^ + 905 = 22 ; 
from which we find, 

05' = + 2, and x'^ = — 11. 

If we take the negative value, y" = — 3, we have, 
from Equation ( 1 ), 

052—905 = 22 ; 
from which we find, 

05' = + 11, and 05" = — 2. 

VEBIFICAXION* 

For the values y' = +3, and as' = + 2, the given 

^nation, 

05* + 3o5y =» 22, 
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gives, 22 +3X2X3 = 4 + 18 = 22; 

and for the second value, x" = — 11, the same equation, 

^ + Zxy = 22, 
^ves, (- 11)3+ 3 X — 11 X 3 = 121 - 99 '= 22. 

I^ now, we take the second value of y, that is, y" = — 8^ 
and the corresponding values of a?, viz., aj' = +11, and 
a" = — 2; for a/ = + 11, the given equation, 

aj2 + 3a5y = 22, 
gives, 11* + 3 X 11 X — 3 = 121 — 99 = 22 ; 
and for a;" = — 2, the same equation, 

a;2 + 3a5y = 22, 

gives, (— 2)2 + 3 X - 2 X - 3 = 4 + 18 = 22, 

The verifications could be made in the same way by em- 
ploying Equation ( 2 ), 

Note. — ^In equations similar, to the above, we generally 
find-but a single pair of values, corresponding to the values 
in this equation, of y' = + 3, and aj' = +2. 

The complete solution would give four pairs of values. 
|y2—a«/= 6J (y = 5. 

I y2 + 352 = 85 f I y = V. 

r2^+3a^= 470^ 4n.. i ^ = ^J- 

]y2 - ajy = ~9f ( y = ^. 



4. 



] a* {- y2 + Say « « f ly « 1. 

11* 
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THIBD. — PABTICULAB CASES. 

175. Many other equations of the second degree may be 
so transformed, as to be brought under the rules of solution 
already given. The seven following formulas will aid in 
such transformation. 

(I.) 
When the sum and difference are known: 

05 — y = (?. 

Then, page 132, Example 3, 

8 + d 1.1, J s "d 1 1, 

aj = ~^ = -5 + -rf, and y==-^ = ^-^ 

(a.) 
When the sum and product are known: 

aj + y = « (1.) 

«y = i> (2.) 

a? + 2a!y + y^ = «', by squaring ( 1 ) ; 
4xy = 4p, by mult. ( 2 ) by 4. 

«? — 2a5y + y' = «^ — 4p, by subtraction. 

05 — y = ± V«2 — 4p, by ert. root. 

But, 05 + y = «; 

8 1 

hence * ~ 2 ^ 2 V^^^^' 

and, y = I qp 2 V^^ - 4P- 

116. What 10 the first formula of this articled What the fecoDdf 
Thlrdf Fourth? Fifth! Sixtk? Seventh? 
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(8.) 

When the differencie and product are known: 

x-^ y =z d (1.) 

ay = i> (2.) 

05* — 2xy + y* = <P, by squaring ( 1 ) • 

4ajy = 4j?, mult. ( 2 ) by 4. 

05* + 2ajy + y^ = rf' + 4p, by adding, 

« + y = ± -/^ + ^P 
X — y =z d 

X = i^ ± i V^^Tlp. 

y = - i<? ± t Vd^T^. 

When the sum of the squares and product are known • 
aj2 + y«=: «..(!.) wy=zp..{2.) .\2xy =z 2p . . {S.) 

Addhig(l)and(8), aj^ + 2a^ + y^ = s + 2p; 
hence, " as + y = ± -/« + 2p (4.) 

Subtracting (8) from (1 ), aj^ — 2a^ + y* = « —2^; 
hence, as — y = ± -/« — 2p (5.) 

Combining (4) and (5), aj = ^y* + 2p + i^s — 2/), 
and, y = iV« + 2p - iV« — 2p. 

(5.) 
When the sum and sum of the squares are known: 

aj + y = « . • . . c (1.) 

a^ + y^ = s' (2.) 

sfi + 2xy + y2 = «» by squaring (1) 
2a5y = «*—«' 
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By putting xy ^ p^ and combining Equations (1) and 
(3 ), by Pomrala (2), we find the values of x and y. 

(6.) 
When the sum and sum of the cubes are known: 

a; + y = 8 • • . . (1.) 

a^+'y3 = 152 . . . . (2.) 

«» + 3a5»y + Zxy^ + J^ = 612 by cubing ( 1 ). 

Saj^y -f zxy^ = 860 by subtraction. 

Zxy{x + y) = 360 by fectoring, 

3a!y(8) = 360 fromEqua.(l). 

24a5y = 360 

hence, ay = 15 • . . . («.) 

Combining (1 ) and (3), we find as s= 5 and y =& 9 

When we have an equation of the form, 
{9 + y)« + (a; + y) = y. 
Let us assume x + y =z z» 

Then the given equation becomes, 

*■ + « = ?; aad «s=--± y y + 4* 



« + y = ^l±^q+l. 

BZAKPLBS. 

( «»= y' (O) 

1. Given ^a5 + y +2 = 7 (2) >tofind«,y,andi; 
(a5>4-y*+2* = 21 (3)) 
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Transposing y in Equation ( 2 ), we have, 

aj + 2 = 7 — y; ... (4.) 

then, squaring the members, we have, 

a? + 2iB2 + «» = 49 — 14y + y\ 

If now we substitute for 2jb2, its yalue taken from Equa- 
tion ( 1 ), we have, 

052 + 2y2 + 22 _. 49 _ I4y + y2 . 

and cancelling y'^^ in each member, there results, 
, a^ + y2 + 22 -_ 49 _ 14 y. 

But, from Equation ( 3 ), we see that each member of the 
last equation is equal to 21 ; hence, 

49 — 14y = 21, 

and, Uy = 49 — 21 = 28 , 

hence, y = ^i = 2. 

Substituting this value of y in Equation ( 1 ), gives, 
a» = 4; 
and substitutmg it in Equation (4 ), gives, 

X + z = 5y or » = 5 — 2, 

Substituting this value of a, in the previous equation, we 

obtain 

63 — «2 -- 4^ OT 2« — 52 = — 4 ; 

and by completing the square, we have, 

«f» - 62 + 6.26 = 2.6, 

and, z -— 2.6 = ± y^ = + 1.6, or — 1.6 ; 

hence, z = 2^ + 1.5 ^ 4, and « » + 2.6 — 1.6 = 1 
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2. Given x + V^ + y=l^lx/sj j 

J , T . « ,«« f to fiJid a; and y, 

and a? + ajy + y* = 133 ) ^ 

Dmding the second equation by the first, we have, 
35— v^ + y = 1 
but, . 35 + v^ + y = 1© 

hence, by addition, 2a5 + 2y = 26 

or, 85 + y = 13 

and substituting in 1st Equa., y^ + 13 = 19 
or, by transposing, V^ = ® 

and by squaring, ^ o^ = 36. 

Equation 2d, is a? + ay + y* = 133 

and from the last, we have, 3ajy = 108 

Subtracting, a? — 2ay + y* = 25 

hence, as — y = d= 5 

but, 85 + y = 13 

hence, a; = 9 and 4; and y = 4 and 9. 



PB0BLEM8. 

1. Find two numbers, such that their sum shall be 15 and 
the sum of their squares 113. 

Let a5 and y denote the numbers; then, 

a5 + y = 16, (1.) and ^ + y^ s: 113. (2.) 

Prom Equation ( 1 ), we have, 

ar* = 225 — 30y + y» 

Substituting this value in Equation ( 2 ), 

225-80y + y»+y« = 118; 
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hence, 2y* -- 30y = — 112 ; 

y2 _ i5y = - 56, 

heiic^, y* = 8, and y" = 7. 

The first value of y being substituted in Equation ( 1 ), 
gives a/ = 7 ; and the second, x" = 8. Hence, the num- 
hers are 7 and 8, 

2. To find two numbers, such that their product added to 
their sum shall be 17, and their sum taken fi:om the sum of 
their squares shall leave 22. 

Let X and y denote the numbers; then, fi:^m the con* 
ditions, 

(aj + y) +JBy = IV. ... (1.) 

a^ + y^ - (85 + y) = 22. ... (2.) 

Multiplying Equation ( 1 ) by 2, we have, 

2iBy + 2(05 + y) = 84. ... (3.) 

Adding (2) and (8), we have, 

a? + 2ay + y^ + (a + y) = 66; 

hence, (aj + yf + (« + y) = 56. . . (4.) 

Regarding (as + y) as a single unknown quantity (page 
248), 

« + y = - i ± \/56 + i = ». 

Substituting this value in Equation ( 1 ), we have, 

7 + a^ = 17, and y = 5. 
Hence, the numbers are 2 and 5. 

8. What two nimibers are t];iose whose sum is 8, and sum 
of their squares 34 ? AaM. 5 and 8. 
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4. It is required to find two such numbers, that the first 
shall be to the second as the second is to 16, and the sum ol 
whose squares shall be 226 ? An%. 9 and 12. 

6. What two numbers are those which are to each othei 
as 8 to 5, and whose squares added together make 1666 ? 

Ans. 21 and 35. 

6. There are two numbers whose difference is 7, and half 
their product plus 80 is equal to the square of the less 

^number: what are the numbers? An^. 12 and 19, 

7. What two numbers are those whose sum is 6, and the 
sum of their cubes 35 ? Am. 2 and 3. 

8. What two numbers are those whose sum is to the 
greater as 11 to 7, and the difference of whose squares is 
132? Am. 14 and 8. 

9. Divide the number 100 into two sudi parts, that the 
product may be to the sum of their squares as 6 to 13. 

ArhB. 40 and 60. 

10. ^Two persons, A and B^ departed from different places 
at the same time, and traveled towards each other. On 
meeting, it appeared that A had traveled 18 miles more 
than jB ; and that A could have gone S*8 journey in 15} 
days, but B would have been 28 days in performing A?% 
journey : how fer did each travel ? . j J., 72 miles. 

* ( J5, 54 miles. 

11. There are two numbers whose difference is 16, and 
half their product is equal to the cube of the lesser number : 
what are those numbers ? Aim. 3 and 18. 



12. What two numbers are those whose sum, multiplied 
by the greater, is equal to 77 ; and whose difference, multi- 
plied by the less, is equal to 12 ? 

A'm. 4 and 7, or fV^ and V V^ 
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18. Divide 100 into two such parts, t^at the sum of their 
square roots may be 14. Ans. 64 and 36. 

14. It is required to divide the number 24 into two such 
parts, that their product may be equal to 36 times their di& 
ference. Ans, 10 and 14. 

16. The sum of two numbers is 8, and the sum of their 
cubes is 152 : what are the numbers ? Ans. 3 and 6. 

16. Two merchants each sold the same kind of stuff; the 
second sold 3 yards more of it than the first, and together 
they receive 35 dollars. The first said to the second, " I 
would have received 24 dollars for your stuff;" the other 
replied, "And I should have received 12^ dollars for yours :" 
how many yards did each of them sell ? 

. j 1st merchant a' = 16, a?" = 5. 

^'"•Ud « y = 18, "'^ y"=8. 

17. A widow possessed 13,000 dollars, which she divided 
into two parts, and placed them at interest in such a manner 
that the incomes firom them were equal. If she had put out 
the first portion at the same rate as the second, she would 
have drawn for this part 360 dollars interest ; and if she 
had placed the second out at the same rate as the first, she 
would have drawn for it 490 dollars interest: what were 
the two rates of iaterest ? Ans, 1 and 6 per cent. 

18. Find three numbers, such that the difference between 
the third and second shall exceed the difference between the 
second and first by 6 ; that the sum of the numbers shall be 
83, and the sum of their squares 467. • 

Ans. 6, 0, and 19. 

19. What number is that which, being divided by the 
product of its two digits, the quotient will be 3 ; and if 18 
be added to it, the resulting number will be expressed by 
the digits inverted ? Ans. 24. 
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20. What two nombers are those which are to each other 
«B m to n, and the sum of whose squares is ft ? 

m-v/ft n\/ft 



Ans. 



^/m 



m^ 



21. What two numbers are those which are to each other 



as m to n, and the difference of whose squares is ft ? 



Ans. 



22. Required to find three numbers, such that the product 
of the first and second shall be equal to 2 ; the product of 
thd first and third equal to 4, and the sum of the squares 
of the second and third equal to 20. Ana. 1, 2, and 4. 

23. It is required to find three numbers, whose sum shall 
be 38, the sum of their squares 634, and the difference 
between the second and first greater by 7 than the difference 
between the third and second. Ana. 8, 15, and 20. 

24. Required to find three numbers, such that the product 
of the first and second shall be equal to a ; the product of 
the first and third equal to ft ; and the sum of the squares 
of the second and third equal to c. 



Ana. 



" Va2 + ft»* 

25. What two numbers are those, whose sum, multiplied 
by the greater, gives 144 ; and whose difference, multiplied 
by the less, gives 14 ? Ana. 9 and 7. 
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CHAPTER IX. 

OF PBOPOBTIONS AND PBO GBBSSIONS. 

176. Twc quantities of the same kind may be compared, 
the one with the other, in two ways : • 

1st. By considering Aow> much one is greater or less than 
the other, which is shown by their difference ; and, 

2d. By considering how many times one is greater or less 
than the other, which is shown by their quotient. 

Thus, in comparing the numbers 3 and 12 together, with 
respect to their difference, we find that 12 exceeds 3, by 9; 
and in comparing them together with respect to their quo- 
tient, we find that 12 contains 3, four times, or that 12 is 4 
times as great as 3. 

The first of these methods of comparison is called Arithr 
metical Proportion^ and the second. Geometrical PropoV' 
tion. 

Hence, Arithmetical Proportion considers the relation of 
qiiantities with respect to their difference^ and Gfeometrical 
Proportion the relation of quantities with respect to their 
quotient, 

1T6. In how manj wajs maj two quantities be compared the one with 
the other? What does the first method consider? What the second? 
What is the first of these methods called ? What is the second called? 
How then do you define the two proportions? 
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OF ABTTHMBnCAL PROPOETION AND PB06BBSSI0N. 

lyy. If we have four numbers, 2, 4, 8, and 10, of which 
the difference between the first and second is equal to . 
the difference between the third and fourth, these numbem 
are said to be in anthmetical proportion. The first term 2 
is called an antecedent^ and the second term 4, with which 
it is compared, a consequent. The number 8 is also called 
an antecedent, and the number 10, with which it is com- 
pared, a consequent. 

When the difference between the first and second is equal 
to ^ the difference between the third and fourth, the four 
mmibers are said to be in proportion. Thus, the numbers, 
2, 4, 8, 10, 

are in arithmetical proportion. 

19'§. When the difference between the first antecedent 
and consequent is the same as between any two consecutive 
terms of the proportion, the proportion is called an arith- 
metical progression. Hence, a progression by diferenceSy 
or an arithmetical progression^ is a series in which the suc- 
cessive terms are continually increased or decreased by a 
constant number, which is called the common difference of 
the progression. 

Thus, in the two series, 

1, 4, 7, 10, 18, 16, 19, 22, 26, . . . 
60, 66, 62, 48, 44, 40, 86, 82, 28, . . . 

177. When are four numbers in arithmetical proportion ? What is the 
first called? What is the second called? What is the third called? 
What is the fourth called ? 

178. What is an arithmetical progression ? What is the number called 
bj which the terms are increased or diminished ? What is an increasing 
progression? What is a decreasing progression? Which term isoulj 
an antecedent ? Which only a consequent? 



Digitized by VjOOQ IC 



ASITHMSTIOAL P B O G B B 8 8 I O l!l. 261 

the first is called an increasing progression^ of which the 
common difference is 3, and the second, a decreasing pro^ 
gression^ of which the common difference is 4. 

In general, let a, J, c, <?, €, /, ... denote the terms of 
a progression by differences; it has been agreed to write 
thepi thus : 

a,b.c.d,e.f.g,h,i.h,,. 

This series is read, a is to 5, as J is to c, as c is to ef, as t? 
is to 6, &c. This is a series of continued equi-differences^ in 
which each term is at the same time an antecedent and a 
consequent, with the exception of the first term, which is 
only an antecedent^ and the last, which is only a conseqicent, 

179. Let d denote the common difference of the pro- 
gresion, 

a.h.c.e,f.g,h. &o., 

which we will consider increasing. 

From the definition of the progression, it evidently fol 
lows that, 

and, in general, any term of the series is equal to the first 
temij plus as many times the common difference as there are 
preceding terms. 

Thus, let I be any term, and n the number which marks 
the place of it ; the expression for this general term is, 

I =z a + {n -^ l)d. 

Hence, for finding the last term, we have the following 



179. Gire the rule for fincUng the last term of a series when the pro- 
p«stlon is inoreadng. 
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BULK. 

L Multiply the common difference by the number of 
terms less one: 

n. To the product add the first term ; the eum vnU be 
the last term. 

BXAHPLBS. 

The fonuulai 

Z = a + (w — l)c?, 

serves to find any term whatever, withont determining all 
those which precede it. 

1. K we make n = 1, we have, if = a ; that is, the 
series will have but one term. 

2. If we make w = 2, we have, I z= a + d; that is, 
the series will hav^ two terms, and the second term is equal 
to the first, plus the common difference. 

8. If a = 3, and c7 = 2, what is the 3d term? 

Ana, 1. 

4. K a = 5, and c7 = 4, what is the 6th term? 

Ane. 25. 

5. If a. = 7, and d = 5^ what is the 9th term ? 

Ans, 47. 

6. If a = 8, and c? = 5, what is the 10th term ? 

Ans. 53 

7. If a = 20, and d = 4, what is the 12th term? 

Ans. 64. 

8. If a = 40, and d = 20, what is the* 50th term ? 

Ans. 1020. 

<l If a s 45, ind d :rz 80, what is the 40th term? 

Ans. 1215. 
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10. If a = 30, and d = 20, what is the 60th term? 

Ane. 1210, 

11. If a = 60, and d = 10, what is the 100th term? 

Am. 1040. 

12. To find the 60th term of the progression, 

1 . 4 . 7 . 10 . 13 . 16 . 19 . . . 
Ire have, Z=il + 49x3 = 148. 

18. To find the 60th term of the progression, 
1 . 6 . 9 . 13 . 17 . 21 . 26 . . . 
we have, Z=l + 69x4=r 237. 

1§0. If the progression were a decrea^g one, we 
should have, 

^ = a — (n — l)d. 

Hence, to find the last term of a decreasing progression, we 
have the following 

BULB. 

I. Multiply tJie common difference by the number of terms 
leas one : 

n. Subtract the product from the first term; the r*- 
mxninder toill be the last term. 

BXAMPLBS. 

1. The first term of a decreasing progression is 60, the 
number of terms 20, and the common difference 3 : what if 
the last term ? 

Z = a-(n-l)<?, gives /= 60- (20 — 1)3 = 60-67 = 8. 

180. Give the rule for finding the last term of a series, when the pro» 
gression is deereasinf . 



Digitized by VjOOQ IC 



264 ELEMBNTABY ALG8BBA. 

2. The first term is 90, the common difference 4^ and the 
number of terms 16 : what is the last term ? Ana. 34. 

3. The first term is 100, th^ nmnber of terms 40, and the 
common difference 2 : what is the last term ? Ans. 22. 

4. The first term is 80, the nmnber of terms 10, and the 
common difference 4 : what is the last term ? Ana, 44. 

6. The first term is 600, the nmnber of terms 100, and 
the common difference 5 : what is the last term ? 

Ans. 105. 

6. The first term is 800, the number of terms 200, and 
the common difference 2 : what is the last term? 

Ans. 402. 

1§1. A progression by differences being given, it is pro- 
posed to prove that, the sum of any two terms^ taken at 
eqical distances from the two extrem^^ is equal to the sum 
of the two extremes. 

That is, if we have the progression, 

2 . 4 . 6 . 8 . 10 . 12, 
we wish to prove generally, that, 

4 + 10, or 6 -h 8, 
is equal to the sum of the two extremes, 2 and 12. 

Let a.b.c.e.f... i . k . l^ be the proposed 
progression, and n the number of terms. 

We will first observe that, if x denotes a term which has 
p terms before it, and y a term which has p terms after it. 
We have, fi'om what has been said, 

181. In every progression bj differences, what is the sum of the two 
extremes equal to? What is the rule for findings the sum of an arith 
m9tical series? 
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aj = a +p X d; 
^^ y = ^ - ^ X rf; 

whence, by addition, aj + y = a + ^ 

which proves the proposition. 

Referring to the previous example, if we suppose, in the 
first place, x to denote the second term 4, then y will de- 
note the term 10, next to the last. If x denotes the third 
term 6, then y will denote 8, the third term from the last. 

To apply this principle in finding the sum of the terms 
of a progression, write the terms, as below, and then 
again, in an inverse order, viz, : 

I , K , i . • • c , b , (Z, 

Calling S the sum of the terms of the first progression, 
2/S will be the sum of the terms of both progressions, and 
we shall have, 

2S={a+l) + {b+k) + {c+i) . . . +(i+o)-}-(^+J)+(;+a). 

Now, since all the parts, a + l, b + kj€ + i... are 
equal to each other, and their number equal to n, 

2S=z {a + t) xn, or 8 =z (^^y-^ X n. 

Hence, for finding the sum of an arithmetical series, we 
have the following 

SULS. 

L Add the two extremes togetheTj and t<ike half their 9um: 
n. Multiply this half-sum by the number of terms; the 
product vnU be the sum of the series. 
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BXAMPLBS. 

1. The extremes are 2 and 16, and the number of terms 
8 : what is the smn of the series ? 

8 = (^^ xn, giveB S = ^^ X 8 = 72. 

2. The extremes are 3 and 27, and the number of terms 
12 : what is the sum of the series ? Ans. 180. 

3. The extremes are 4 and 20, and the number of terms 
10 : what is the sum of the series? Ans. 120. 

4. The extremes are 100 and 200, and the number of 
terms 80 : what is the sum of the series ? Ans. 12000. 

5. The extremes are 500 and 60, and the number of terms 
20 : what is the sum of the series ? Ans. 5600 

6. The extremes are 800 and 1200, and the number of 
terms 50 : what is the sum of the series? Ans. 50000. 

182. In arithmetical proportion there are five members 
to be considered : 

1st. The first term, a. 

2d. The common difference, d. 

3d. The number of terms, n. 

4th. The last term, I. 

5th. The sum, 3. 

The formulas, ] 

I =z a + (n — l)dj and S = |55-- — j x n, 

contain five quantities, a, c7, n, /, and 3^ and consequently 
give rise to the following general problem, viz. : Any three 

182. How many numbers are considered in arithmetical proportion? 
What are they ? In every arithmetical progression, what is th^ common 
difference equal to T 
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of these five quantities beinff given^ to determine the other 
two. 

We already know the value of iS in terms of a, n, and k 
From the formula, 

I z=z a + (n — l)di 
we find, a = ; — (y^ — i)d. 

That is : The first term of an increasing arithmetical pro- 
gression is eqwd to the last term, minus the product of the 
common difference by the number of terms less one. 

From the same formula, we also find, 

I — a 



rf = 



yi- 1 



That is : In any arithmetical progression, the common dif 
ference is equal to the last term, minus the first term, divided 
by the number of terms less one. 

The last term is 16, the first term 4, and the nmnber of 
terms 5 : what is the common difference ? 

The formula, rf = "" ^ 



gives, d = 



n- 1 
16-4 



2. The last term is 22, the first term 4, and the number 
of terms 10 : What is the common difference? Ans. 2. 

183. The last principle affords a solution to the follow- 
ing question : 

To find a number m of arithmetical means between tioo 
given numbers a and b. 

188. How do yon find anj number of arithmetioal meana betwMn two 
I^TOB nomben t 
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To resolve this question, it is first necessary to find the 
common difference. Now, we may regard a as the first 
term of an arithmetical progression, h as the last term, and 
the required means as intermediate terms. The nmnber of 
terms of this progression will be expressed by m + 2. 

Now, by substituting in the above formula, h for if, and 
m + 2 for n, it becomes, 

, h — a h — a ^ 

"" m + 2 - 1 "" m+V 

that is : The common difference of the required progression 
is obtained by dividing the difference between the given 
numhers^ a and b, by the required number of m>eans phis one. 

Having obtained the common difference, d^ form the second 
term of the progression, or the first arithm^iccU mean^ by 
adding d to the first term a. The second mean is obtained 
by augmenting the first mean by d, &c. 

1. Find three arithmetical means between the eztremes 
2 and 18. 

Theformida, d = — ^tt* 

f» + 1 

jj 18-2 
gives, . d = — J— = 4 ; 

hence, the progression is, 

2 . 6 . 10 . 14 . 18. 

2. Find twelve arithmetical means between 12 and 11, 

The formida, d = r-r , 

' m + I 

- M - 12 
gives, d =: — ^ — = 5 ; 

hence, the progresaon is, 

12 . 1» . 22 . 27 • • . • »»• 
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184. RKTtfAKK. — ^If the same number of arithmetical 
means are inserted between all the terms, taken two and 
two, these terms, and the arithmetical means miited, wiU 
form one and the same progression. 

For, let a . ft . c . 6 ./. . . be the proposed progression, 
and m the number of means to be inserted between a and 
ft, ft and e, c and e . . . . &c. 

From what has just been said, the common difference of 
each partial progression will be expressed by 

ft— a c — ft 6— c 



m + 1' m+ I' m+ I'" 

expressions which are equal to each other, since ci, ft, o • • • 
are in progression ; therefore, the common difference is the 
same in each of the partial progressions ; and, since the last 
term of the first forms the Jlrst term of the second, Ac, we 
may conclude, that all of these partial progressions form a 
single progression. 

BXAMPLBS* 

1. Find the sum of the first fifty terms of the progresdon 
2 . 9 . 16 . 23 . . . 

For the 60th term, we have, 

^ = 2 + 49 X V = 345. 

Hence, >S = (2 + 345) x ^ = 347 X 25 = 8676. 

2. Find the 100th term of the series 2 . 9 . 16 . 23 . . . '• 

Am. 696. 

3. Find the sum of 100 terms of the series 1.3.6.7. 
9 . . . • Ana. 10000. 
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4. The greatest tenn is 70, the common difference 3, and 
the number of terms 21 : what is the least term and the 
sum of the series ? 

Ana. Least term, 10 ; sum of series, 840. 

5. The first term is 4, the common difference 8, and the 
number of terms 8 : what is the last term, and the sum of 
the series? Ana, j Last term, 60. 

(Sum =256. 

6. The first term is 2, the last term 20, and the number 
of terms 10 : what is the common difference ? Ans. 2. 

V. Insert four means between the two numbers 4 and 19 : 
what is the series ? Ana. 4 . 7 . 10 . 13 . 16 . 19. 

8. The first term of a decreasing arithmetical progression 
is 10, the common difference one-third, and the number of 
terms 21 : required the sum of tiie series. Ana, 140. 

9. In a progression by differences, having given the com- 
mon difference 6, the last term 185, and the sum of the 
terms 2945 : find the first term, and the number of terms. 

Ana. First term = 5 ; number of terms, 31. 

10. Find nine arithmetical means between each antecedent 
and consequent of the progression 2 . 5 • 8 . 11 . 14 . . . 

Ana, Common diff., or rf = 0.3. 

11. Find the number of men contained in a triangular 
battalion, the first rank containing one man, the second 2, 
the third 8, and so on to the w'*, which contains n. In other 
words, find the expression for the sum of the natural num- 
bers 1, 2, 3 ... , from 1 to n inclusively. 

Ans. 8 = ^^ti). 
2 

12. Find the sum of the n first terms of the progression 
of uneven numbers, 1.3.5.7.9,... Ana. S = n\ 
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18. One hundred stones being placed on the ground in a 
straight line, at the distance of 2 yards apart, how &r will 
a person travel who shall bring them one by one to a basket, 
placed at a distance of 2 yards from the first stone ? 

Ans. 11 miles, 840 yards. 



GEOMETRICAL PROPORTION AND PROGRESSION. 

1§5. IkUio is tlie quotient arising from dividing one 
quantity by another quantity of the same kind, regarded 
as a standard. Thus, if the numbers 3 and 6 have the same 
unit, the ratio of 3 to 6 will be expressed by 

And in general, if ^ and £ represent qnantities of the same 
kind, the ratio of ^ to £ mil be expressed hj 

B 

A' 

1§6. The character a indicates that one quantity ia 
proportional to another. Thus, 

A ozB^ 
is read, A proportional to B. 

If there be four numbers, 

2, 4, 8, 16, 

having sudi values that the second divided by the first is 
equal to the fourth divided by the third, the numbers are 

185. What is ratio ! What is the ratio of8to6! Of4tol2! 

186. What is proportion t How do you express that four niunberf 
are in proportion! What are the numbers call/^dt What are the fiml 
and fourth terms called t What the second and third ? 
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iaid to form a proportion. And in general, if there be four 
qoantities, Ay B^ Cy and 2>, having such valnea that, 

B _D 
A^ 'C' 

then, A is said to have the same ratio to B that C has to 2>; 
or, the ratio of ^ to ^ is eqnal to the ratio of C to D. 
When four quantities have this relation to each other, conii* 
pared together two and two, they are said to form a geo- 
metrical proportion. 

To express that the ratio of ^ to £ is equal to the ratio 
of Cto D, we write the quantities thus, 

AiBii C : D; 

and read, J. is to -B as Oto D. 

The quantities which are compared, the one with the 
other, are called terms of the proportion. The first and last 
terms are called the two extremes^ and the second and third 
terms, the two means. Thus, A and D are the extremes, 
and B and C the means. 

1§7. Of four terms of a proportion, the first and third 
are called the antecedents^ and the second and fourth the 
consequents ; and the last is said to be a fourth proportional 
to the other three, taken in order. Thus, in the last pro- 
portion A and O are the antecedents, and B and J) the con- 
sequents. 

1§§. Three quantities are in proportion, when the first 
has the same ratio to the second that the second has to the 

187. In four proportional qoantities, what are the first and third called? 
What the second and fourth t 

188. When are three quantities proportional t What is the middle one 
called? 
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third; and then the middle tenn is said to be a mean pro- 
portional between the other two. For example, 

3 : 6 : : 6 : 12; 

and 6 is a mean proportional between 3 and 12. 

1§9. Four quantities are said to be in proportion by in^ 
version^ or inversely^ when the consequents are made the 
antecedents, and the antecedents the consequents. 

Thus, if we have the proportion, 

3 : 6 : : 8 • 16, 
the inverse proportion would be, 

6 : 3 : : 16 . 8. 

190. Quantities are said tol)e m proportion by cUtemch 
tion^ or aUematdy^ when tintecedent is compared with ante- 
cedent, and consequent with consequent. 

Thus, if we have the proportion, 

3 : 6 : : 8 : 16, 

the alternate proportion would be, 

3 : 8 : : 6 : 16. 

191. Quantities are said to be in proportion by compo' 
sition, when the sum of the antecedent and consequent is 
compared either with antecedent or consequent 

Thus, if we have the proportion, 

2 : 4 : : 8 : 16, 

189. When are quantities s<ud to be in proportion by inTendon^ or in 
Tersely ? 

190. When are quantities in proportion by alternation? 

191. When are quantities in prop6rtion by compodtiont 

12* 
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the proportion by composition would be, 

2 + 4 : 2 :: 8 + 16 : 8; 
and, 2 + 4 : 4 : : 8 + 16 : 16. 

192. Quantities are said to be in proportion by division^ 
when the diff^^rence of the antecedent and consequent is 
compared either with antecedent or consequent. 

Thus, if we have the proportion, 

3 : 9 : : 12 : 36, 
the proportion by division wiD be, 

9 — 3 : 3 :: 36 — 12 : 12; 
and, 9 — 3 : 9 : : 36 — 12 : 36; # 

198. Equi-multiples of two or more quantities are the 
products which arise from multiplying the quantities by the 
same number. 

Thus, if we have any two numbers, as 6 and 5, and mul- 
tiply them both by any number, as 9, the equi-multiples will 
be 54 and 45 ; for, 

6 X 9 = 54, and 5 X 9 = 45. 

Also, mx Ay and m x B^ are equi-multiples of ^ and 
By the common multiplier being m. 

194. Two quantities A and By which may change their 
values, are reciprocaUy or inversely proportioncUy tehen one 
is proportional to unity divided by the oiheTy and then their 
product remains constant. 

192. When are quantities in proportion by diyision t 

198. What are equi-mnltiples of two or more quantities t 

194. When are two quantities said to be reoiprocallj proportional f 
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We express this redprooal or inverse relation thus, 

in which A is said to be inversely proportional to J?. 

195. If we have the proportion, 

A : B :: C : D, 

-B J) 

we have, -j = -^j (Art. 186); 

and by dearing the equation of fractions, we have, 
£C = AD. 

That is : Of four proportional quantitiea^ the product of 
the two extremes is equal to the product of the two means. 

This general principle is apparent in the proportion be- 
tween the numbers, 

2 : 10 : : 12 : 60, 
which gives, 2 X 60 = 10 X 12 = 120. 

196. If four quantities. Ay By Cy i>, are so related to 
each other, that 

AxD =z Bx Cy 

we shall also have, -j = ^^ ; 

and hence, A : B :: C : B. 

That is : Jff^the product of two quantities is equal to the 
product of two other quantitieSy two of them may.be made 
tfie eostrem^eSy and the other two tfie msans of a proportion. 

195. If four quantities are proportional, what is the product of the tWtl 
means equal tot 

196. If the product of two quantities is equal to the product of two 
other quantities, may the four be (daced in a proportion t How f 



Digitized by VjOOQ IC 



S76 XLSMBNTABT ALQXBBA. 

Thiis, if we have, 

2X8 = 4X4, 
we also have, 

2 : 4 : : 4 : 8* 

197. If we have three proportional qnantitiefli 

A : S :: £ : C, 

, B G 

we have, Z ~ 5* 

hence, -B* = AC. 

That is : J^ three quantities are proportional^ tJte square of 
the middle term is equal to the product of th>e two extremes. 

Thus, if we have the proportion, ^ 

8 : 6 : : 6 : 12, 
we shall also have, 

6 X 6 = 6» = 3 X 12 = 86. 

19§. If we have, 

-B J} 

A : £ : : C : D^ and consequently, -^ = -^, 

O 

multiply both members of the last equation by •^, and 

we then obtiun, 

q _ D 

A^ B' 

and, hence, A \ C w B x D. 

That is :• Iffawr quantities are proportional^ they mU be 
in proportion by alternation, 

197. If three quantities are proportional, what is the product of the 
extremes equal to ? 

198. If four quantities are proportional, will they oe in proportion by 
alternation ? 
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Let ti8 take, as an example, 

10 : 16 : : 20 : 30. 

We diall have, by alternating the terms, 

10 : 20 : : 16 : 30. 

199* If we have, 

A\ B \\ C \ D^ and A \ B i\ E \ F^ 

we shall also have, 

B D ^ B F 

hence, 'n "^ E' ^^ C i I) :i E :^. 

That is : If there are two aefs of proportions hxxmng an avif 
tecedent and consequent in the one, equal to an antecedent 
and consequent of th^ other^ the remaining terms toiU be 
proportional. 
If we have the two proportions, 

2 : 6 : : 8 : 24, and 2 : 6 : : 10 : 30, 

we shall also have, 

8 : 24 : : 10 : 80. 

200. If we have, 

B -D 

A : B :: <7 : -D, and consequently, -j = -^j 

-we have, by dividing 1 by each member of the equation, 
-==-., and consequently, B : A :: B : 0. 

199. If jou have two sets of proportions haying an antecedent and con- 
sequent in each, equal ; what will follow t 

200. If four quantities are in proportion, will they be in proportion 
when taken inversely ? 
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That is: Ifbur propoHional qticmHties vnU be in prq^^ 
when taken inversely/. 

To give an example in numbers, take the proportion, 

7 : 14 :: 8 : 16; 
hen, the inverse proportion wiU be, 

14 . 7 : : 16 : 8, 
n which the ratio is one-half. 

aOl. The proportion, 

A : S :: O : D, gives, A x D =z B x C. 

To each member of the last equation add S x D. We 
shall then have, 

{A + S) X D = {C + D) X B; 

and by separating the fitctors, we obtain, 

A + B : B :: O + JD : D. 

I^ instead of adding, we subtract B X D from both 
members, we have, 

(^ -. -B) X 2> = (C7 - 2>) X JT; 

which ^ves, 

A-B : B :: C - D . D. 

That is: If four qiuinHties are proportional^ tiiey vriU be 
in proportion by composition or division. 

Thus, if we have the proportion, 

9 : 27 : : 16 : 48, 

201. If four quantiliefl are in proportion, will they be in proportion bj 
composition? WiU they be in proportion by division? What is tb« 
difference between cod|K)cdtion and division ? 
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we shall have, by composition, 

9 + 27 : 27 : : 16 + 48 : 48 ; 

that is, 86 : 27 : : 64 : 48, 

in which the ratio is three-fourths. 

The same proportion gives us, by division, 

27 - 9 : 27 :: 48 - 16 : 48; i 

t 

that is, 18 : 27 : : 32 : 48, 

in which the ratio is one and one-hal£ 
302. If we have, 

and multiply the numerator and denominator of the first 
member by any number m, we obtain, 

— 5 = -7= , and mA : mB : : C : D. 
mA C" 

That is : Equal multiples of two quantities have tfie same 
ratio as the quantities themselves. 

For example, if we have the proportion, 

6 : 10 : : 12 : 24, 

and multiply the first antecedent and consequent by 6, we 
have, 

80 : 60 : : 12 : 24, 

in whidi the ratio is still 2. 

203* The proportions, 

A\ B w C \ D, and A\B\\E\F^ 

202. Have equal multiples of two quantities the same ratio as the 
quantities t 

203. Suppose the antecedent and consequent beCaugmented or dimin* 
ished bj quantities having the same ratio ? 
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give, AxD-BxC, and AxFz=: BxE\ 

adding and subtracting these equations, we obtain, 

A{jD±iF) :=: B{C±:E), or A I B II C±E. I)±F. 

That ]a: If C and JP, the antecedent and consequent^ be 
augmented or diminiaJied by quantities JE and F^ which 
have the same ratio as G to D^ the resulting quantities uoiU 
also have the same ratio. 

Let us take, as an example, the proportion, 

9 : 18 : : 20 : 40, 

in which the ratio is 2. 

If we augment the antecedent and consequent by the* 
numbers 15 and 80, which have the same ratio, we shaU 
have, 

9 + 15 : 18 + 30 :: 20 : 40; 

that is, 24 : 48 : : 20 : 40, 

in which tjie ratio is still 2. 

If we dinjinish the second antecedent and consequent by 
these numbers respectively, we have, 

9 : 18 •: 20 — 15 : 40 — 30; 
that is, ' 9 : 18 : : 6 : 10, 

in which the ratio is till 2. 
304. If we have several proportions, 
A : B :: C : Dy which gives A x B = B x C^ 
A \ B x\ E \ Fy which gives A x F z=i B x M, 
A : B :: G : J3y which gives A x S =i B x Gj 
&o,j Ac, 

204. In any number of proportions having the same ratio, how wffl 
toy one antecedent be to its confliBquen< ? 
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we shall have, by addition, 

A{D + F+M) = £{0+JS+ ff)i 
and by separating the &ctors, 

A : B :: C + £J+ G : D +F+ H. 

That is: In any number of proportions having the same 
ratio, any antecedent will be to its consequent as th>e sum 
of the antecedents to the sum, of the consequents. 

Let as take, for example, 

2 : 4 : : 6 : 12, and 1 : 2 : : 3 : 6, &o. 
Then 2:4::6 + 3:12 + 6; 

that is, 2 : 4 : : 9 : 18, 

in which the ratio is still 2. 

205. If we have four proportional quantities, 
A : B : : O : D, we have, -2 = -j^'^ 

and raising both members to any power whose exponent is 
n, or extracting any root whose index is n, we have, 

-T- =z -py- J and consequently, 

-4* : J5* : : C* : 2>». 

That is: J^ four quantities are proportional, their Kke 
powers or roots wiU be proportional. 

If we have, for example, 

2:4 : : 3 : 6, 

we shall have, 2^ : 4» : : 3^ : 6^ ; 

206. In four proportional quantities, how are like powers or roots f 
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that i8» 4 : 16 : : 9 : 86, 

in which the terms are proportional, the rado being 4. 

9#6. Let there be two sets of proportions, 

B D 

A \ B \\ C \ D^ which ^ves T ^ "5* 

E I F \i Q \ H^ which ^ves ^ = ^* 

Multiply them together, member by member, we hare, 

B X F _ D X B: 
Ax E '^ C X G^ 

Ax El B X Fix C X G . D X S. 

That is : In two sets of proportional quantUieSy theprodueU 
of the corresponding terms aare proportional. 

Thus, if we have the two proportions, 

8 : 16 : : 10 : 20, 

and, 8 : 4 : : 6 : 8, 

we shall have, 24 : 64 : : 60 : 160. 



GEOHETBIOAL PBOGBESSIOK. 

907. We have thus &r only coneddered the case in which 
the ratio of the first term to the second is the same as that 
of the third to the fourth. 

206. In two sets of proportions, how are the products of the correspond- 
itig terms t 

207. What is a geometrical progresdon? What is the ratio of the 
progression t If any term of a progression be multiplied by the ratio, 
what will the product be? If any term be divided by the ratio, whal 
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If we have the fiuiJier condition, that the ratio of the 
second term to the third shall also be the same as that of 
the first to the second, or of the third to the fourth, we shall 
have a series of numbers, each one of which, divided by 
the preceding one, will give the same ratio. Hence, if any 
term be multiplied by this quotient, the product will be the 
succeeding term. A series of numbers so formed, is called 
a geometrical progression. Hence, 

A Geometrical Progression^ or progression by quotients^ 
is a series of terms, each of which is equal to the preceding 
term multiplied by a constant number^ which number is 
called the ra;tio of the progression. Thus, 

1 : 8 : 9 : 27 : 81 : 243, Ac, 

is a geometrical progression, in which the ratio is 3. It is 
written by merely placing two dots between the terms. 

Also, 64 : 32 : 16 : 8 : 4 : 2 : 1, 

is a geometrical progression in which the ratio is c^ne-half. 

In the first progression each term is contained three times 
in the one that follows, and hence the ratio is 3. In the 
second, each term is contained one-half times in the one 
which follows, and hence the ratio is one-half. 

The first is called an increasing progression, and the 
se(Jond a decreasing progression. 

Let a, ^, c, {f, 6,/, . . \ be numbers, in a progression by 
quotients ; they are written thus : 

a I h I c I d I e X f I g . . . 

and it is enunciated in the same manner as a p^ogresdon by 
differences. It is necessary, however, to make the distino- 

will the qaotient be t How is a progression by quotients written t Which 
of the terms is only an antecedent! Which only a conseqnent? Hon 
muy each of the others be considered! 



Digitized by VjOOQIC 



284 BLEKBKTABY ALGEBBA. 

tion, that one is a series formed by equal differences, and 
the other a series formed by equal quotients or ratios. It 
should be remarked that each term is at the same time aa 
antecedent and a consequent, except the first, which is only 
an antecedent, and the last, which is only a consequent. 

30§« Let r denote the ratio of the progression, 

a : b : € : d . . . 

r being > 1 when the progresdon is increasing^ and r< 1 
when it is decreasing. Then, since, 

h c d e a 

- = r, g = r, - = r, ^ = r, &c., 

we have, 

6 = ar, c = Jr = or^, d = cr = a/i^^ e =^ dr = ar*^ 
f =: er ^ ar^ . . . 

that is, the second term is equal to or, the third to ar^, the 
fourth to ar^y the fifth to ar*, &c, ; and in general, the wth 
term, that is, one which has n — 1 terms before it, is ex- 
pressed by ar*"^ 
Let I be this term • we then have the formula, 

by means of which we can obtain any term without being 
obliged to find all the terms which precede it. Hence, to 
find the last term of a progression, we have the following 

BULB. 

L jRaise ths ratio to a power whose exponent is one less 
than the number of terms. 

n. Multiply the power thus found by the first term: the 
product wiU be the required term. 

208. Bj what letter do we denote the ratio of a progression? In aa 
Increasing progression is r greater or less than 1 ? In a decreasing pro- 
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BZAMPLBS. 

1. Find the 5th term of the progression, 

2 : 4 : 8 : 16 . . . 
in which the first term is 2, and the common ratio 2. 
6th term = 2 X 2* = 2 X 16 = 82. An$. 

2. Find the 8th teim of the progression, 

2 : 6 : 18 : 64 . . . 

8th term = 2 x 8' = 2 x 2187 = 4874. Am. 

8. Find the 6th term of the progression, 
2 : 8 : 82 : 128 . . . 
6th term = 2 x 4^ = 2 x 1024 = 2048. Ana 

4. Find the 7th term of the progression, 

3 : 9 : 27 : 81 . . . 

7th term = 3 x 3» = 3 x 729 = 2187. Am. 

6. Find the 6Ui term of the progression, 
4 : 12 : 86 : 108 . . . 
6th term = 4 x 8« = 4 x 248 = 972. Ans. 

6. A person agreed to pay his servant 1 cent for the first 
day, two for the second, and four for the third, doubling 
every day for ten days : how much did he receive on the 
tenth day? Ans. $5.12. 

gression is r greater or less than 1 ? If a is the first term and r the 
ratio, what is the second term equal to ? What the third ? What the 
fourth ? What is the last term equal to ? Giye the rule for finding the 
last term. 
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1. What 18 the 8th term of the progreadoii, 

9 : 36 : 144 : 576 . . . 
8di term =: 9 X 4^ = 9 X 16384 = 147456. Ana. 

8. find the 12th term of the progression, 

64 : 16 : 4 : 1 : i . . • 

/juj 4* 1 1 

12th term = 64^ = ^, = ji = j;^' ^. 

909. We will now proceed to determine the sum of n 
terms of a progression, 

a : b : c : d : e : f : . . . : i : k : li 

I denoting the nth term. 

We have the equations (Art. 208), 

ft =: or, czubTj d := cr^ e ^ dr^ . . . k=^ir^ Izuhr^ 

and by adding them all together, member to member, we 
deduce, 

h+c+d-\'e+ ... 4-*+^=(a + J + c + rf+ ... +t + A?)r; 

in which we see that the first member contains all the terms 
but a, and the polynomial, within the parenthesis in the 
second member, contains all the terms but I. Hence, if We 
call the sum of die terms /S, we have, 

S " a = (5 - /)r = iSr - ^, .-. /»• - 5 = ^ - a; 

It '— (X 

whence, 8 = • 

209. Oiye the rule for finding the sum of the leries. What is the fint 
■t6p f What the seeend? What the third ? 
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Therefore, to obtain the stun of all the terms, or sum of the 
series of a geometrical progression, we have the 

BULB. 

L MvUiply the last term by the ratio : 
n. Subtract the fint term from the product : 
nL Divide the remainder^^by the ratio dimdnished by 1 
and the quotient wiU be the eum of the series. 

I* Find the sum of eight terms of the progression, 
2 : 6 : 18 : 64 : 162 ... 2 X 8^ = 4B14. 

3=^ = 1^^^ = 6560. 
r — I 2 

2. Find the sum of the progression, 

2 : 4 : 8 : 16 : 82. 

Ir — a 64 — 2 
3 = Z. r = — —i = 62. 

r — I 1 

8. ¥md the sum of ten terms of the progression, 

2 : 6 : 18 : 64 : 16'> . . . 2 X 3» = 89366. 

Ans. 6904a 

4. What debt may be discharged in a year, or jbwelve 
months, by paying $1 the first month, |2 the second month, 
$4 the third month, and so on, each succeeding payment 
being double the last ; and what will be the last payment ? 

. (Debt, . . $4096 
' ( Last payment, $2048 

6. A daughter was married on New-Tear*8 day. Her 
&ther gave her 1«., with an agreement to double it on the 
first of the next month, and at the beginning of each succeed- 
ing month to double what she had previously recdved. How 
much did she r«0Mve? Am. £20i I6su 
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6. A man bought ten bosheLs of wheat, <m the oondition 
that he should pay 1 cent for the first bushel, 3 for the second, 
9 for the third, and so on to the last : what did he pay for 
the last bushel, and for the ten bushels ? 

. J Last bushel, $196 83. 
' \ Total cost, $296 24. 

7. A man plants 4 bushels of barley, which, at the first 
harvest, produced 32 bushels ; these he also plants, whidi, 
in like manner, produce 8 fold ; he again plants all his crop, 
and again gets 8 fold, and so on for 16 years : what is his 
last crop, and what the sum of the series ? 

. j Last, 140737488366328 bush. 
' ( Sum, 160842843834660. 

910. When the progresdon is decreaong, we have, 
r < 1, and l<a; the above formula, 

5 = ^. 

r — 1 ' 
fi>r the sum, is then written imder the form, 

g — ^ 
1 — r ' 

in order that the two terms of the fraction may be positive. 
1. Fhd the sum of the terms of the progression, 
32 : 16 : 8 : 4 : 2 

32 - 2 X ^ 

8^^ = ? = H = 02. 

1 — r 1 1 

2 2 

210. What is the formula for the sum of the seriee of a decrearfng 
progression? 
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2. Find the sum of the first twelve terms of the pro- 
gression, 

64 : 16 : 4 : 1 : T : . . . : 64( jl , or 



4 \4/ ' 66636 



64— --i— X ] 266- 



« a-^lr 66636 4 66636 «, . 66636 
Sz= = = = 86 + : 



1 — r 3 3 ' 196608 

4 

3 1 1. Rbmabk. — ^We perceive that the principal difficulty 
consists in obtaining the numerical value of the last term, a 
tedious operation, even when the number of terms is not 
very great. 

8. find the sum of six terms of the progresnom, 

612 : 128 : 32 . . . 

Ans. 682f 

4. Und the sum of seven terms of the progression, 

2187 : 729 : 243 .. . 

Ans. 8279. 

5. Fbd the sum of dx terms of the progresdon, 

972 : 324 : 108 . . . 

Ans. 1466. 

6. Fbd the sum of eight terms of the progression, 

147466 : 86864 : 9216 ... 

Ans. 196606. 

OF PBOGBESSIONB HAVINQ as LNFiNlTK NTJMBEB OF TEBMB. 

919. Let there be the decreasmg progresmon, 
a : b : : d : e : f : . . . 

212. Wbeo the progrcMJon it decreasing, and the number of tenns k^ 
ftnite, what it the exprMdon fbr the ^alue of the lum of the atrUit 
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containing an indefinite number of terms. In the formula, 

substitute for I its value, ar""" \ (Art. 208), and we have, 

a — ar* 



8 = 



1 - r 



which expresses the sum of n terms of the progresdon. 
This may be put under the form, 

a a ar^ 



1 - r 1 - r 
Now, since the progression is decreasing, r is a proper 
fraction; and r^ is also a fraction, which diminishes as n 
increases. Therefore, the greater the number of terms we 

take, the more will •= X r* diminish, and consequently, 

the more will the entire sum of all the terms approximate 
to an equality with the first part of /S, that is, to — — — • 
Knally, when n is taken greater than any given number, 

or n r= infinity, then x r* will be less than any 

given number, or will become equal to ; and the expres- 
sion, , will then represent the true value of the sum, 

of all the terms of the series. Whence we may conclude, 
that the expresrion for the sum of the terms of a decreasing 
progression, in which the number of term^s is infmte, iSj 

' ^ a 

S = , ; 

1 — ^ 

that is, egt^ to the first term, divided by 1 minus the ratio. 
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This is, properly speaking, the limit to whi<di the partial 
turns approach, as we take a greater nmnber of terms in the 

progression. The difference between these sums and , 

may be made as small as we please, but will only become 
nothing when the nxmiber of terms is infinite. 

EXAMPLES. 

1. Find the sum ol 

1 •«•;:• i;;; • ^T > to infinity. 

We have, for the expression of the sum of the termgi 

S = J— -j: = — ^ = - = H. Am. 
3 

The error committed by taking this expression for the 
value of the sum of the n first terms, is expressed by 



a 



1 - r 
Urst take n = 5 ; it becomes, 

3 

2 



= Kir 



3/l\fi _ _J^ ^ 

2\3/ ■" 2 . 3* ■" 162* 

When 71 = 6, we find, 

2\3/ 162 3 486 
Hence, we see, that the error committed by taking - for 
the sum of a certain number of terms, is less in proporuon 
as this number 10 greater. 
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2. Again, take the progressioii, 

, 1111 1 . 
2 • 4 ' 8 • 16 • 82 • 

We have, S = -^^ = — ^ = 2. .^liM. 

1 — i 
2 

8, What is the sum of the progression, 

1 — r 1 _ JL ^ 

10 

918. In the several questions of geometrical progrefr 
rion, there are five numbers to be conadered : 

1st. The first term, . • a. 
2d. The ratio, . • . . r. 
8d. The number of terms, n. 
4th. The last term, . . I. 
5th. The sum of the terms, 8. 

914. We shall terminate this subject by solving this 
problem: 

To find a mean proportional between any two numbers, 
as m and n. 

Denote the reqidred mean by as. We shall then have 
(Art. 197), 

a? = m X n; 



and hence, x = ^m x n. 



818. How many pmnben are considered in a geometrical progreatfont 
What are thejf 
814. How do jon find a mean proportional between two nnmbert? 
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That is : Multiply tJie two numbers together j and extract thi 
square root of the product. 

1. What is the geometrical mean between the numbers 
2 and 8? 

Mean = -/S x 2 = y^ = 4. Ans. 

2, What is the mean between 4 and 16 ? Ana. 8. 
8. What is the mean between 3 and 27 ? Ane. 9. 

4. What is the mean between 2 and 72 ? Ana. 12. 

5. What is the mean between 4 and 64 ? J[fM. 10. 

therefore, $40 satisfies the enimciation. 
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CHAPTER X. 



OF LOGABITHMS. 



915. The nature and properties of the logarithms in 
common use, will be readily understood by considering 
attentively the different powers of the number 10. They 
are, 

10« = 1 

101 - 10 

102 = 100 

103 = 1000 
10* = 10000 
10» = lOOOOi 
&c., &c. 

It is plain that the exponents 0, 1, 2, 3, 4, 5, &c., form an 
arithmetical series of which the common difference is 1 ; and 
that the numbers 1, 10, 100, 1000, 10000, 100000, &c., form 
a geometrical progression of which the common ratio is 10. 
The number 10 is called the hose of the system of logarithms ; 
and the exponents 0, 1, 2, 3, 4, 5, <fcc., are the logarithms of 

216. What relation exists between the exponents 1, 2, 3, &c. ? How 
are the corresponding numbers 10, 100, 1000? What is the common 
difiference of the exponents ? What is the common ratio of the corre- 
sponding numbers ? What is the base of the common system of loga- 
rithms? What are the exponents ? Of wjhat number is the exponeut 1 
the logarithm ? The exponent 2 ? The exponent 3 ? 
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the numbers which are produced by raising 10 to the powers 
denoted by those exponents. 

216. If we denote the logarithm of any number by m, 
then the number itself will be the mth power of 10 ; that is, 
if we represent the corresponding number by Jfj 

lO*" = M. 

Thus, if we make m = 0, Jf will 'be equal to 1 ; if m = 1, 
M will be equal to 10, &c. Hence, 

TTie logarithm of a number is the exfponent of the power 
to which it is necessary to raise the base of the system in 
order to produce the number. 

217. I^ as before, 10 denotes the base of the system 
of logarithms, m any exponent, and M the corresponding 
number, we shall then have, 

10*" = M, (1.) 

in which m is the logarithm of M, 

If we take a second exponent n, and let If denote the 
corresponding number, we shall have, 

10« = JV, (2.) . 

in which n is the logarithm of i\r. 

I^ now, we multiply the first of these equations by the 
second, member by member, we have, 

10" X 10* = 10«+* = Mx If; 

but since 10 is the base of the system, m + n is the loga- 
rithm M X JS^'j hence, 

216. If we denote the base of a system by 10, and the exponent by 
m, what will represent the corresponding number ? What is the logarithm 
of a number ? 

217. To what is the sum of the logarithms of any two numbers equal? 
To what, then, will the addition of logarithms correspond ? 
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T?ie mm of the logarithms of any two numbers is eqtud 
to the logarithm of their proditct. 

Therefore, the addition of logarithms corresponds to the 
multiplication of their numbers, 

Sl§. If we divide Equation ( 1 ) by Equation (2 ), mem* 
ber by member, we have, 

10* M 

— io«-"« — -— • 

but since 10 is the base of the system, m — n is the loga- 
rithm of -^; hence, 

^ one number he divided by another^ the logarithm of 
the quotient will be equal to tjie logarithm of the dividend, 
diminished by that of the divisor. 

Therefore, th>e subtraction of logarithms corresponds to 
th^ division of their numbers. 

919« Let US examine farther the equations, 

10® = 1 

101 = 10 

10» = 100 

10» = 1000 

It is plain that the logarithm of 1 is 0, and that the loga- 
rithm of any number between 1 and 10, is greater than 



218. If one number be divided by another, what will the logarithm 
of the quotient be equal to ? To what, then, will the subtraction of loga- 
rithms correspond ? 

219. What is the logarithm of It Between what limits are the logi^ 
rithms of aL numbers between 1 and 10? How are thej generally e» 
pressed? 
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and less than 1. The logarithm is generally expressed by 
decimal fractions ; thus, 

log 2 = 0.301030. 

The logarithm of any nmnber greater than 10 and less 
khan 100, is greater than 1 and less than 2, and is expressed 
by 1 and a decimal fraction ; thus, 

log 60 = 1.698970. 

The part of the logarithm which stands at the left of the 
decimal point, is called the chardcteriatic of the logarithm. 
The characteristic is always one less than the number of 
fjlaces of figures in the number whose logarithm is taken. 

Thus, in the first case, for numbers between 1 and 10, 
there is but one place of figures, and the characteristic is 0. 
For numbers between 10 and 100, there are two places of 
figures, and the characteristic is 1 ; and similarly for other 
numbers. 



TABLE OF LOOABITHMS. 

330. A table of logarithms is a table in which are writ- 
ten the logarithms of all numbers between 1 and some other 
given number. A table showing the logarithms of the 
numbers between 1 and 100 is annexed. The numbers are 
written in the column designated by the letter N, and the 
logarithms in the column designated by Log. 



How is it with the logarithms of numbers between 10 and 100? What 
is that part of the logarithm called which stands at tho left of the char* 
acteristic? What is the value of the characteristic? 

220. What is a table of logarithms ? Explain the manner of finding 
the logarithms of numbers between 1 and 100 1 
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TABLE. 



nn 


-TSg. 


Tq 


Log. 


nr 


Log. 


nr- 


Log. 


1 


0.000000 


26 


1.414973 


61 


1.707570 


76 


1.880814 


2 


0.301030 


27 


1.431364 


52 


1.716003 


77 


1.886491 


3 


0.477121 


28 


1.447158 


53 


1.724276 


78 


1.892095 


4 


0.602060 


29 


1.462398 


54 


1.732394 


79 


1.897627 


6 


0.698970 


30 


1.477121 


65 


1.740363 


80 


1.903090 


6 


0.778151 


31 


1.491362 


56 


1.748188 


81 


1.908485 


7 


0.845098 


32 


1.605150 


57 


1.755875 


82 


1.913814 


8 


0.903090 


33 


1.618514 


58 


1.763428 


83 


1.919078 


9 


0.954243 


34 


1.531479 


59 


1.770852 


84 


1.924279 


10 


1.000000 


35 


1.544068 


60 


1.778151 


85 


1.929419 


11 


1.041393 


36 


1.656303 


61 


1.785330 


86 


1.934498 


12 


1.079181 


37 


1.568202 


62 


1.792392 


87 


1.939519 


13 


1.113943 


38 


1.579784 


63 


1.799341 


88 


1.944483 


14 


1.146128 


39 


r.591065 


64 


1.806180 


89 


1.949390 


15 


1.176091 


40 


1.602060 


65 


1.812913 


90 


1.954243 


16 


1.204120 


41 


1.621784 


66 


1.819544 


91 


1.959041 


17 


1.230449 


42 


1.623249 


67 


1.826075 


92 


1.963788 


18 


1.255273 


43 


1.633468 


68 


1.832509 


93 


1.968483 


19 


1.278754 


44 


1.643453 


69 


1.838849 


94 


1.973128 


20 


1.301030 


45 


1.653213 


70 


1.845098 


95 


1.977724 


21 


1.322219 


46 


1.662758 


71 


1.851258 


96 


1.982271 


22 


1.342423 


47 


1.672098 


72 


1.857333 


97 


1.986772 


23 


1.361728 


48 


1.681241 


73 


1.863323 


98 


1.991226 


24 


1.380211 


49 


1.690196 


74 


1.869232 


99 


1.995635 


25 


1.397940 


50 


1.698970 


75 


1.875061 


100 


2.000000 



EXAMPLES. 

1. Let it be required to multiply 8 by 9, by means of 
logarithms. We have seen, Art. 216, that the sum of the 
logarithms is equal to the logarithm of the product. There- 
fore, find the logarithm of 8 from the table, which is 0.903090, 
and then the logarithm of 9, which is 0.954243 ; and their 
sum, which is 1.857333, will be the logarithm of the product. 
In searching along in the table, we find that 72 stands oppo- 
site this logarithm; hence, 72 i» the product of 8 by 9. 
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2. What is the product of 7 by 12? 

Logarithm of 7 is, . . . . 0.845098 
Logarithm of 12 is, . • . . 1.079181 

Logarithm of their product, . . 1.924279 

and the corresponding number is 84. — — 

3. What is the product of 9 by 11 ? 

Logarithm of 9 is, . . . . 0.954243 
Logarithm of 11 is, . . . . 1.041393 

Logarithm of their product, . . 1.995636 

and the corresponding number is 9^. 

4. Let it be required to divide 84 by 3. We have seen 
in Art. 218, that the subtraction of Logarithms corresponds 
to the division of their numbers. Hence, if we find the 
logarithm of 84, and then subtract from it the logarithm of 
8, the remainder will be the logarithm of the quotient. 

The logarithm of 84 is, . . . 1.924279 

The logarithm of 3 is, . . . 0.477121 

Their difference is, ... . 1.447168 
and the corresponding number is 28. 

6. What is the product of 6 by 7 ? 

Logarithm of 6 is, . . . . 0.778161 
Logarithm of 7 is, . . , . 0.845098 

Their sum is, 1.623249 

and the corresponding number of the table, 42. 
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D AVIE S' 

Complete Course of Mathematics. 

Slementnts Course. 

DATTE8' PRIMARY ARITHMETIO AND TABLE-BOOK 

DAVIK8* PIB8T LESSONS IN AEITHMETIO . 

DAYIES' INTELLECTUAL ARITHMETIC 

DAVIK8' NEW SCHOOL ARITHMETIC | 

KEY TO DAVIE8' NEW SCHOOL ARITHMETIO , 

DA VIES' NEW UNIVERSITY ARITHMETIO ' 

KEY TO DA VIES' NEW UNIVERSITY ARITHMETIC 4 

DAVIES' eRAMMi^ OP ARITHMETIC 

DAVIE8' NEW ELEMENTAUY ALGEHKA 

KEY TO DAVIES' NEW ELEMENTARY ALGEBRA 

DAVIE8' ELEMENTARY GEOMETRY AND TRIGONOMETRY.... 
DAVIES' PRACTICAL MATHEMATICS _^ 

anbanceH Couvse. 

DAVIES' UNIVERSITY ALGEBRA m,., 

KEY TO DAVIES' UNIVERSITY ALGEBRA 

DAVIES' BOURDON'S ALGEBRA 

KEY TO DAVIES' BOURDONS ALGEBRA 

DAVIES' LEGENDRE'S GEOMETRY 

DAVIES' ELEMENTS OF SURVEYING 

DAVIES' ANALYTICAL GEOMETRY 

DAVIES' DIFFERENTIAL AND INTEGRAL CALCULUS 

DAVIES» ANALYTICAL GEOMETRY AND CALCULUS 

DAVIES» DESCRIPTIVE GEOMETRY 

DAVIES' SHADES, SHADOWS, AND PERSPECTIVB 

DAVIES' LOGIC OP MATHEMATICS 

DAVIES' MATHEMATICAL DICTIONARY 

Dativ' Mathuiatioal Chart (Sheet) 

Tbifl Series, oombining all tbftt is most vftluable in the vuioos methods of European 
lystrnctioD, improved and matured by the soggestions of nearly fortv jears'experiencoi 
now forms the onl/ complete consecutive Cow94 0/ MtUhemaUce. Its methoda, 
harmonizing as the work of ont* mind, carry the student onward by the samd anatogiet 
and the same laws of association, and are calculated to impart a comprehensive knowl- 
edge of the science, combining clearness in the several branches, and unity and propor* 
don in the whole. The higher Books— in connection with Prof. ChurcJCa CaloiUtM 
and Analytical Geometry— are the Text-books in the Military Academies of the 
United Stntes. The Superintendents of Public Instruction in very many States 
have oflBcially recommended this Series. It is adopted and in soccessftU use ia th« 
Normal Schools of New York, Michigan, Connecticut, and other States, and in a 
large proportio^n of the best Schools, Academies, and Colleges of the Union. The 
Revisetl Editions of the Arithmetics embody all the latest and moat approved pro- 
Msaes of imparting a knowledge of the science of numbers. 

i. S. Basnu St BuBB have the pleasure of announcing ak kmtirblt Nkw Woeb, 
y Professor Dativ, entitled 

ELEMENTS OP ANALYTICAL GEOMETBY, AND OF THE DIFFEK 
ENTIAL AND INTEGRAL CALCULUS, —forming a compend of the tw 
larger volumes by ProC Davies on the respective branches treated of. It 
complete in itself, and contains all that is necessary for the general student 

Also recently issued— 

MEW ELEMENTARY ALGEBBA, 

UNIVERSITY ALGEBRA, 

Porminf , wi'li the AaAor*a Bourdon's Algebra, a oomplate and wJuiMmlkwm 

A. 8. BARNES & SURE, .Pablifllievt, 

61 and 68 John Street* Kew Yorfu • 
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PARKER & WATSON'S READING SERIES. 

fHE NATIONAL ELEMENTABY SPELLER. 

fHE NATIONAL PBONOUNGING SPELLER. 188 pages. 

A fall treatise, with words arranged and classified according to tbdi rowd 
sounds, and reading and dictation exercises. 

rHE NATIONAL SCHOOL PRIMER; or, '' PRIMARY WORD-BXTILBER.'' 

(Beautlfally Illustrated) 

fHE NATIONAL FIRST READER; or, '* WORD-BUILDER." 

(Beautifbll/ Ulustrated) US pages. 

CUE NATIONAL SECOND READER 224 pages. 

Containing Primary Exerdsee in Artlcalation, Pronunciation, and PuBctoatios^ 
(Splendidly Illustrated.) 

THE NATIONAL THIRD READER 288 pages. 

ContiUning Exercises in AccenN Emphasis, Punctuation, Ac (Illustrated.) 

fHE NATIONAL FOURTH READER 405 pages. 

Containing a Course of Instruction in Elocution, Exercises in Beading; Dedama* 
tion, Ac 

THE NATIONAL FIFTH READER 600 pages. 

With copious llotes, and Biographical Sketches of each Writer. 



These Biadcks have been prepared with the greatest care and labor, by Eichabd 
O. Parkkb, a. M., of Boston, and J. Madison Watson, an experienced Teacher of 
New York. No amount of }abor or expense has been spared to render them as ueai 
perfiect as possible. The Illustrations, which are from original designs, and cht 
Typography, are unrivalled by any simiUr works. 

The First Header, or " "Word-Builder, »» being the first issued, is alreadj 
in extensive use. It is on a plan entirely new and original, commencing wich toorxU 
qfone Utter, and building up letter by letter, until sentences are formed. 

The Second, Third, and Fourth Headers follow the same inductiv* 
plan, with a perfect and systematic gradation, and a strict classification of subjects 
The pronunciation and definition of diflBcnIt words are given in notes at the bottona 
of each page. Much attention has been paid to Artietdation and Orthoipy ; am 
Exercises on the Elementary Sounds and their combinations have bbcn so introduceo 
as to teach but one element at a time, and to apply this knowledge to immediate nse^ 
until the whole is accurately and thoroughly acquired. 

The Fifth Header is a fhll work upon Beading and Elocution tne works • 
mnny authors, ancient and modern, have been consnited, and more than a hundie4 
standard writers of the English language, on both sides the Atlantic, laid under con 
ti ibution to enable the authors to present a collection rich in all that can inform th« 
unilerstanding, improve the taste, and cultivate the heart, and which, at the sami 
time, shall furnish every variety of style and subject to exemplify the principles « 
Rhetorical delivery, and form a finished reader and elocutionist Classical and hta 
t'>rical allusions, so crmmon among the best writers, have in all cases been explained 
tsd concise Biographical Bketches of authors from whose works extracts have becL 
•elected, have also been introduced, together with Alphabetical and Chronologica 
Lists of the Names of Authors ; thus rendering this a convenient text*book for Stu 
I ij! English and American Literature. 

X a BABJTES ft BURR, PubUshen, 

61 A 53 John Street, Vftv 7«rk 
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nonrTEiTH and iucnallt's 
C3h m O C3h XI. .^ -P EC X 3E] S. 



•CONTEITB'S FipST LESSONS IN aEOGRAPHY 

MONTEITH*S INTRODUOTION TO MANUAL OF aEOaEAPHi; 

MONTEITH'S NEW MANUAL OF GEOQRAPHY, 

fyfcNALLyS OOMFLETE 80H00L aEOGBAFHT 



Montdith'8 First Lessons in Geography— Introdnotion to Man- 
aal of Gheofinraphy— and New Manual of Geofinraphy, are arranged ob 
the catechetical plan, which haa been proven to be the beat and most sacceaaftil 
metbod of teaching thla branch of study. The questions and answers are modela ol 
brevitj and adaptation, and the maps are airople, but accurate and beauttAiL 

McNally's Geography completes the Series, and followa Che same geneial 
plan. The maps are splendidly engraved, beauUftilly colored, and perfectly accurate; 
and a profile of the country, showing the elevations and depressions of land, is given 
at the bottom of the maps. The order and arrangement of map questions is also 
peculiarly happy and systematic, and the descriptive matter Just what is needed, and 
nothing more. No Series heretofore published has been so extensively introduced in 
•o short a time, or gained such a widespread popularity. 

These Geographies are used more extensively in the Public Schools of New Tork, 
Brooklyn, and Newark, than all others 

0F* A. B. Clark, Principal of one of the largest Public Schools in Brooklyn, says 
** I have used over a thousand 4}opies of Monteith^s Manual of Geography since fti 
adoption by the Board of Education, and am prepared to say it is the best wo.< hi 
{nnior and Intermediate olassea in our schools I have ever seen." 

The 8&risi^ in whole or inpart^ hcu been adopted in the 



New York State Normal School 
New Tork City Normal School 
New Jersey State Normal School. 
Kentucky State Normal School 
Indiana State Normal School 
Ohio State Normal School 
Michigan State Normal School. 
Tork County (Pa.) Normal Schoo*. 
Brooklyn Polytechnic Institute 
.Cleveland Female Seminary: 
Public Schools of Milwaukie. 
Public Schools of Pittsburgh. 
Public Schools of Lancaster, Pa. 
Public Schools of New Orleanfli 



Public Schools of New York. 
Public Schools of Brooklyn, L. L 
Public Schools of New Haven. 
Public Schools of Toledo, Ohla 
Public Schools of Norwalk, Conn. 
Public Schools of Richmond, Yi. 
Public Schools of Madison, WU 
Public SdioolA of Indianapolis. 
Public Schools of Springfield, Maia 
Public Schools of Columbus, Ohia 
Public Schools of Hartford, Conn. 
Public Schools of Cleveland, Ohla 

And other places too nomerona I 
mention. 



They have also been recommended by the State Superintendents of Ilumoa 
Imdiama, Wisconsin, Missoubi, Nobth Cakouna, Alabama, and by numerom 
TeaeV^tT*^ Associations and Institutes throughout the country, and are in aucceaaftal 
«M> \^ maWLtxkf i of Pabllo and Private Schools throughout the United Statea 

A. 8 BABJTES ft BUEE, Pablishers, 

61 ft 68 John Street. New T* 
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ENGLISH GRAMMAR, 

BY S. W. CLARK and A. S. WELCH, 

0ON8IBTING Of 

OLABK'S FIB8T LE8S0NB IN ENGLISH GRAMMAS 

CLARK'S NEW ENGLISH GRAMMAR 

CLARK'S GRAMMATICAL CHART 

CLARK'S JJiTALTSIS OF THE ENGLISH LANGUAGE 

WELCH'S ANALYSIS OF THE ENGLISH SENTENCE 

A more Adyanoed Work, designed t,r Higher Glasses in Academies and Normal 
Schools. B7 A. 8. WxLcm, A.M., Principal of the State Normal Sdioo. 
Michigan, at Ypsilanti. 



The JPirst liessons in Grammar are prepared for joang pupils, and as « 
Impropriate Introduction to the larger work. The elements of Grammar are hen 
presented In a series of gradual oral exercises, and, as far as possible, In plain Saxon 
words. 

Clark's TSlew Grammar, it is oonfldentlj believed, presents the only true 
and snccossftil method of teaching the science of the English Language. The work l> 
thoroughly progressive and practical ; the relations of elements happily illustrated 
and their analysis thorough and simple. 

This Grammar has been officially recommended by the Superlntendonts of Publfo 
Instruction of Illinois, Wisconsin, Michigan, and Missouri, and is the Text-book 
%]opted in the State Normal SchooU of New York, and other States. Its extenslvt 
circulation and universal success is good evidence of its practical worth and super* 
ority. 

Piofesaor F. 8. Jswsll, €(f1h» Kmo York State Normal School^ says : 

** Clark's System of Grammar is worthy of the marked attention of the friends cl 
Education. Its points of excellence are of the most decided character, and will wfK 
soon be surpassed." 

** Let any clear-headed, Independent-minded teacher roaster the system, and theu 
give it a fair trial, and there will be no doubt as to his testimony.'* 

"Weloh's Ajialysis of the Enslish Sentenoe.— The prominent features 
•f this work have been presented by Lectures to numerous Teachers* Institutes, and 
■nanlroously approved. The classification, founded upon the fact that there are but 
three elements in the language, i% very simple, and, in many respects, new. The 
method of disposing of connectives is entirely sa The author has endeavored t« 
study the language aeUie^ and to analyze it without the aid of antiquated rules. 

This work is highly recommended by the Buporintendents of Public Instruction ol 
Michigan, Wisconsin, and other States, and is being used in many of the best schools 
throughout the Union. It was Introduced soon after publication into Oberlin Gol- 
Isga, fttfd him mec with deserved suocesa 

A. 8 BABJTEB & BUEB, Publishers, 

61 & 58 John Street, New Xo^ 
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HlXZONAL SE RIES Of SifAHPABy SCSOOL-BOOElS. 

Sl>ELLING AND DlBFINING. 

' THE jrnnSlIILE DEFINEB; a Golleotton ud ClaBsiflcation of Familiai 
Womoft and NamksJ correctly Spelled, Accented, and Defined. By W. W. BMnH« 
Principal of Grammar School No. 1, New York. 

This is an inTaloable book for yonng children : instead of long eolamns of to them 
incomprehensible and meaningless words, the lessons are fwmed of those words which 
they bear and use almost every dav, bat of which they have formed only imperfect 
ideas. The words are gronped with reference to similar signification or use— as the 
several kinds of Bitildimos compose one class ;->4he kinds of Ysssblb another;— 
Vbhiolks another ;~Cloth8 another, Ac., ifec ; experience having shown that tb 
knowledge of one word of a class produces in the papil a strong desire to know mx 
belonging to that class, with thelt various sha<les or meaning, application, && The 
principal words tised in the definitions are also defined, and th^ arrangement is such 
that almost every word in the book is defined at the time or before its employment 

rHE GBAMMAB-SCHOOL SPELLEB; or, SPELLER'S NEW KARITAL. 
Containing Bales for Spilling, with nameroas Examples to illustrate the Appli- 
cation of each Bale; together with a large Collection of the most Difficalt Words 
In the English Language, correctly Spelled, Pronounced, and Defined. Arranged 
in Easy Lessons for IntermedinU Ola89e8. 

rf his book is designed for those pupils who have studied through the JirvmiTLi 
Definkb. The Bulee for SpelHng are in simple language, having numerous examples 
of familiar words attached to illustrate the intent of each. These Bales teach the 
formation of the great nii^oritv of the derivatives, and consequently embrace the 
greater fwrtion of the words of the language. 

The lessons consist of words grouped with reference to the sameness of sound of 
eertain syllables differently spelled ; as authorize^ «B«rci«a, analifte, 8aoriJtc&—ih» 
pronunciation of each of these terminations has in it the sound of tM, thohgh ex> 
pressed by a different combination of letters. Again : burroto^ borough, hergamot^ 
oourgMta. birchen^ have the sound otbur in the first syllable of each, while each ia 
spelled differently: the same may be said of chryaaiis^ crispy^ Cfvrittian^ crystal-' 
all commencing with the ^und of kria — and many others. 

The words o1 the lessons have also the pronunciation -(<» itaiios)^ and a short 
definition of each attaolied-=-tbe whole' comprising the most difficult words in the 
language. To which are added copious Exercises in False Orthography— the words ■ 
to be written correctly by the pupil It can also be used as a dictation exercise. 

THE SPELLEB AND DEFINER'S HANI7AL; Being a DICTIONABT ana 
SPELLING-BOOK combined, in which the most Usefhl Words in the English 
Language are Spelled, Pronounced, and Defined, and arranged in Classes; to- 
gether with Bules for Spelling, Prefixes and Suffixes, Bules for the Use of Capi^ 
tala. Punctuation Marks, Quotations fk'om other Languages used in English Core- 
position, Abbreviations, Ac, Am. To which Is added a Vocabulary of Beferencet 

In this book, designed for the highest class, we have, 1st, A dissertation on the 
sounds of the Vowels and Consonants, their uses and powers. 2d, Bules for Spelling. 
3d, Pretixes and Suffixes, with their meanings. 4th, Punctuation marks, and how to 
:iise them— Bules for the u.se of Capitals, Bules for Letter and Note writing, with 
diiigcatns, Ac In the body of the work there are about 14,000 of the principal words 
In ihe language— arranged in classes according to their derivation, — correctly spelled, 
proitouaced, and defined — the pronunciation having the vowel sounda marked by 
Q^rures which refer to a Key easily understood and applied. By this arrangement, 
Uii- knowledge of one word of a class will give some idea of the others. 

There lire also Questions at the bottom of each PH^e, which, to be correctly ah- 
tweieil, require the papil to keep constantly in his mind the Bales for Spelling, tbetr 
•I-'plicaiion. «&c 

This b<»ok can also be used with great advantage as a DionoNABT. As the wortki 
ire not in alphabetical order for obvious reasons, an alphabetical YooabnUry ia plated 
U the oad, \n which means any word in the book can l)c found. 

A. a BABJTES & BVBB, Publishers, 

61 it 63 John Street* Kew York. 
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